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Abstract. We discover a realisation of the affinc Lie superalgebra s£(2|l) and of the exceptional 
afhnc superalgebra Z?(2|l;a) as vertex operator extensions of two s£(2) algebras with 'dual' levels 
(and an auxiliary level-1 s£(2) algebra). The duality relation between the levels is (ki + l)(k2 + l) = 1. 
We construct the representation of s£(2\l) kl on a sum of tensor products of s£(2) kl , s£(2)k 2 , and 
s^(2)i modules and decompose it into a direct sum over the s£(2\l)k 1 spectral flow orbit. This de- 
composition gives rise to character identities, which we also derive. The extension of the construction 
to -D(2|l; /e 2 )fci is traced to the properties of s£{2) s£(2) © s£(2) embeddings into D(2\l;a) and 
their relation with the dual s£(2) pairs. Conversely, we show how the s£(2)k 2 representations are 
constructed from s£(2\l)k 1 representations. 
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1. Introduction 

In this paper, we address a particular instance of the general problem of extending infinite- 
dimensional algebras by vertex operators. We show that vertex operator extensions can lead to in- 
teresting and nontrivial constructions of afline Lie (super) algebras and their representations. A well- 
known example of an extension via vertex operators applies to the sum of two Virasoro algebras with 
appropriate central charges, and leads to matter coupled to gravity in the conformal gauge [12, O . 
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Another context where vertex operator extensions of conformal algebras are relevant is that of coset 
conformal field theories c = 0i/02, where the 'inverse' problem is to reconstruct the Qi representa- 
tions by combining the representations of c and q 2 related by the action of vertex operators. 

A natural generalisation of the situation encountered in matter plus gravity is provided by study- 
ing extensions of the sum s£(2)j ei © s£(2) k2 of two affine s£(2) algebras at levels k\ and k 2 . This is 
a complicated problem in general; we solve it in the case where 

(1.1) (h + i)(k 2 + 1) = 1, k t eC\ {-2, -1}. 

The result is that with the help of an additional scalar current, spin-^ vertex operators extend 
s£(2)kx © s£(2)k 2 to the affine Lie superalgebra D(2\l; k 2 ) kl - We study the representations in terms 
of the subalgebra of D(2\l; k 2 ) kl given by s£(2\l) kl ffin(l). Let be the Weyl module over s£(2)k 
induced from the n + 1-dimensional representation of s£(2). For generic values of the level, the 
vacuum representation £ ,o, fci of s£(2\l) kl is contained in a sum of tensor products of Weyl modules 
W„ jfcl and W n fc2 of the respective algebras s£(2) kl and s£(2) k2 . More precisely, 

(1-2) W n , fcl ® W nM ® Mi (n mod 2))1 = £ ,o,fc i; fl ® A-e, 

n>o eez 

where £o,o,fci;0 denotes the spectral flow transform of the s£(2\l) module, M ,i and Mi^ are the 

irreducible representations of the auxiliary level-1 s£{2) algebra, and A a are Fock modules over a 

Heisenberg algebra. 

The basic relation ( p..l|) can be rewritten as -^-+2 F+2 = ^> anc ^ can ^ e P u ^ a broader 
perspective when viewed as a particular case of the following family of relations between levels, 

(!-3) ^ + ra=™ eN - 

We refer to the s£{2) algebras with the levels k\ and k 2 satisfying 
be viewed as a duality relation between s£{2) levels, which potentially allows one to study certain 
classes of integrable and admissible representations of the extended algebraic structure, starting 
from the well-studied s£{2) representation theory at fractional level. For simplicity in illustrating 
the main idea, we can replace the st{2) k . algebras with the Virasoro algebras Vir(fcj) obtained from 
them by Hamiltonian reduction, with central charges dj = 13 — j^p^ ~~ + 2). When extending 
the sum Vir(fci) © Vir^) by vertex operators, one must address the problem of their potential non- 

/ ■ \ 1/2 iw/2 

locality. For instance, (a component of) the operator (p{ 2 has monodromy (— l) k t+ 2 = e k i +2 with 
itself, which means nonlocality in general; however a bilinear combination of (fyQ and cp^ 2 operators 

iir/2 in/2 

for two dual Virasoro algebras has monodromy e fc i+ 2 e k 2+ 2 = e mn ' 2 in view of relation ( |1.3| ). It is 
therefore local (for even n) or 'almost' local. 

The precise way to build local or almost local bilinear combinations of vertex operators of the 

2in 

dual algebras is governed by the corresponding quantum group s£(2) qi with qi = e fe *+ 2 . The vertex 



O) as dual; Eq. (TO) may 
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operators, which carry a representation of the quantum group, have to be contracted 'over the 
quantum group index,' as Tr q {4>^ (z) (f)^ 2 \z)). For n odd in (|1.3|) , the monodromies e ri7rJ/ ' 2 of 9(z) = 
^5(^12 ( z ) V12 i z )) show that these operators are not yet local, but they become so when multiplied 
with e ^2 , where / is a free scalar. On the other hand, for n even these bilinear combinations are 
local without the need of a free scalar. The n = case is the well known example mentioned earlier of 
matter coupled to gravity in the conformal gauge; one may view the relation ( |1.3|) with n = as the 
anomaly cancellation condition between matter (Vir(/ci)), Liouville (Vir(/c2)) and reparametrisation 
ghosts sectors in the quantisation of two-dimensional gravity. For n = 2, such a contraction 8(z) is 
a fermion with central charge |. Subtracting this from the total central charge of the two Virasoro 
algebras, we are left with 

[13- ^5- 6(* 1 +2)] + [13-^-6(* a + 2)]-| = f -^-3(2^ + 3), 

which is the central charge of an iV = 1 super Virasoro model. This suggests, therefore, that Vir(fci)© 
Vir(/c 2 ) extends to the N = 1 super Virasoro algebra. It also suggests that the sum s£(2) kl © Vir(/c 2 ) 
can be extended, when n = 2, to the afhne superalgebra osp(l\2) kl by an 'inverse' Hamiltonian 
reduction process (cf. J35|). Actually, it is known |14| that the coset osp(l\2) kl / s£(2) kl is a Virasoro 
algebra with central charge 

(!- 4 ) ^ = ^-^ = 13-^-6(^ + 2), 

which can be obtained by Hamiltonian reduction from s£{2) k2 for + = ^> providing the 
second, dual s£(2) algebra in the sum. 

In this paper, we study in detail the case of a dual pair of s£(2)k t algebras, where the levels are 
related by ( |1.3|) with n = 1 and, thus, a free scalar is needed to make the s£(2)k 1 © s£(2)k 2 vertex 
operators local after taking the quantum group trace. If we were to guess what conformal theory 
the extended structure might be, a crude hint would be provided by evaluating its central charge, 
that is, 

(1-5) Cextended = c si(2) kl + c si(2) k2 + C sca l a r = + 1^+2 ^ + 1 • 

It turns out that the conformal theory with vanishing central charge on the right-hand side of 
the last equation is the s£(2|l) affine Lie superalgebra (which, remarkably, has the same number 
of bosonic and fermionic currents and hence vanishing central charge of the Sugawara energy- 
momentum tensor); the remaining 1 corresponds to (a free scalar theory). We derive this 
result in what follows, but now we give some indirect arguments in favour of the emergence of 
the s£(2\l) kl algebra from s£(2) kl © s£(2) k2 . There exists a W algebra associated with s£(2\l); it 
can be arrived at, for example, by taking two scalar fields and constructing the combinations that 
commute with two s£(2|l) screenings (which can be either both fermionic or one bosonic and one 
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fermionic). This W algebra has several different descriptions, one of which is that of the coset 

to = s£(2\l) / g£(2) . 

The g£(2) = s£(2) © u(l) algebra from the denominator provides the first of the s£{2) algebras 
making the dual pair (this will eventually become the s£(2) su&algebra of s£(2\l)). One can, in 
principle, 'reconstruct' the s£(2\l) algebra from g£(2)@tv (possibly with the help of some additional 
constructions, for example choosing a particular bosonisation). On the other hand, the coset W 
algebra can also be described as 

W = s£(2) / u(l). 

Up to the u(l) mixing, therefore, the W algebra in the 'reconstruction' g£(2) © ro —>■ s£(2\l) can be 
replaced with s£(2); this is the origin of the second (dual) s£{2) in our construction s£(2) © s£(2) — > 
s£(2\l) (this second s£(2) is obviously not a subalgebra of s£(2\l)). The above argument is also 
strongly supported by the detailed knowledge we have of a class of irreducible representations 
of s£(2\l) at admissible level k\ = - — 1, u G N + 1, and their corresponding characters. Their 
branching functions into characters of the subalgebra s£(2)k 1 were shown in |2(], || to involve char- 
acters of a rational torus A u ( u _i) and of the parafermionic algebra The latter can be obtained 
as the coset s£(2) u -i/u(l), providing us with the dual s£(2) k2 in the construction of s£(2\l) kl (note 



that one indeed has (|1 . 1| ) with /c 2 — u — !)• 

But there is an additional remarkable observation: the u(l) mixings involved in the above 
coset argument conspire so as to extend s£(2\l)k 1 © u(l) to the exceptional afline Lie superalgebra 
D(2|l; k-zjkx- The crucial circumstance here is the relation existing between conformal embeddings 
s£(2)(Bs£(2)(Bs£(2) C D(2\l; a) and the dual s£(2) pairs. Such an embedding is conformal if and only 
if two of the s£(2) algebras are dual (and the third has level 1). Extending s£{2) kl © s£(2)k 2 © s£{2)i 
by (the quantum trace of the bilinears in) the spin-| vertex operators thus gives a realisation of 
the D(2\l; ^2)^! algebra. The representations of D(2\l; a) that can be obtained in this way are very 
special, however, in that they appear to be exactly the direct sums of s£(2|l) representations over 
the spectral flow orbits. Anyway, we do not focus on the D(2\l; a) representations and concentrate 
instead on the s£(2|l) algebra, whose representations have been studied in more detail (the extension 
to D(2\l; a) is however very interesting because of its close relation to the N = 4 superconformal 
algebra, and its study certainly deserves to be deepened). Our original interest in the study of 
the s£(2|l) representation theory, especially at admissible values of the level, stems from the role 
this affine algebra might play in the quantisation of the N = 2 non-critical strings [l], |15|, [55| . 

From the s£(2|l) algebra standpoint, the representations constructed by taking tensor products 
of s£(2) kl , s£(2) k2 , and s£(2)i representations are reducible, because all the s£(2\l) generators com- 
mute with the third D(2\l;a) Cartan current. The decomposition of such a representation N into 
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different s£(2|l) representations is governed by the spectral ffow: along with each s£(2|l) representa- 
tion, N contains all of its spectral- flow images (we saw this in (|1.2j ) for the vacuum representation). 

Associated with this construction of s£(2\l) representations are the character identities in the 
form of sumrules between s£(2\l) © u(l) and s£(2) © s£{2) © s£{2) characters, which we give for 
Verma modules and for a class of irreducible admissible representations. Each sumrule is invariant 
under a spectral flow whose generator can be added to the u(l) © s£(2\l) generators to extend the 
algebra to D(2\l;a). It is therefore expected that each sumrule in a given sector of the theory 
describes a D(2\l; a) character belonging to a special class corresponding to conformal embeddings. 

As well as building s£(2\l) representations from tensor products of s£(2) representations as de- 
scribed above, we also construct representations of the dual s£(2) k2 algebra starting with an s£(2\l) kl 
representation. A key step in doing so was to establish a correspondence between Verma modules 
of s£(2\l)k 1 and relaxed Verma modules of s£(2)k 2 . The latter provide one of the starting points in 
constructing representations of the vertex operator extensions of s£(2)/ Cl (Bs£(2)k 2 , and therefore, the 
above correspondence is partly what allows one to invert, up to spectral flow, the vertex operator 
construction of s£(2\l) representations. We find several indications that the established correspon- 
dences between representations have functorial properties; however we leave for the future the very 
interesting separate problem of constructing the functors between the s£(2\l)k 1 and st{2)h 1 @s£{2)k 2 
representation theories. 

This paper is organised as follows. In Sec. [| we describe the basic vertex operator construction 
allowing us to extend s£(2)k 1 © s£(2)k 2 to s£(2\l)k 1 - In Sec. ||, we study embeddings into the 
D(2\l;a) algebra, find the relation between the conformal embeddings and the dual s£(2) pairs, 
and conclude that our vertex operator algebra extends to D(2\l;k 2 )k 1 - We then concentrate on 
s£{2\l)k 1 representations in Sec. [|. In Sees. |4.1| and |4.2| , we show how the s£(2)k 2 representations 



can be reconstructed starting from s£(2\l)k 1 representations. With the experience gained here, 
we then address in Sec. fO] the problem of combining s£(2)k 1 and s£(2)k 2 representations into a 
representation of s£(2\l) kl . In Sec. ||, we consider the decomposition of the s£(2\l) representations 
constructed; for Verma modules, we confirm the decomposition formula by calculating the characters 



in Sec. |5.2|, and in Sec. [h3 we give the character identities relating s£(2\l) characters with those of 
the dual s£(2) pair for an interesting class of irreducible s£(2|l) representations. We conclude with 
remarks on several related research directions. 

Our conventions on the different algebras are summarised in the appendices. Appendix |A] gives 
the basic relations describing the quantum s£(2) algebra and its 'spin-|' representations; these are 
the representations realised on the vertex operators involved in our construction. Appendix || 
summarises our conventions and some useful facts about the affine s^(2|l) algebra, and Appendix y 
describes several basic facts about the exceptional Lie superalgebras D(2|l; a). In Appendix |D|, we 
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explicitly check that the operator product expansions of the currents constructed in terms of vertex 
operators yield the s£(2\l) algebra. 

2. The vertex operator construction of s£(2\l) 

2.1. Dual s£(2) algebras and vertex operators. We take two algebras, s£(2) p _ 2 and s£(2) p /_ 2 
with 

, \ 1 1 

2.1 " + - = !. 

p p 

and p G C \ {0, 1}. In terms of the levels k = p — 2 and k' = p' — 2, this condition can also be 
written as (|1.1|) (with k\ = k and k% = k' from now on) . 

The s£{2)k algebra can be described in terms of the currents J (z) and J° (z) with the operator 
products 

(2.2) J°(^)J ± H = ^M, J+(z)J-(w) = — k -— 9 + 2 -^^, J°(z)J°(w)- h ' 12 



z — w (z — w) 2 z — w (z — w) 2 

and similarly for the 'primed' s£(2)y algebra. 

In what follows, we let Vj k denote an s£(2) module with the highest-weight vector \j, k) satisfying 

(2.3) J£ o \j,k) = 0, 4 1 |j,fc)=0, J> 1 \j,k) = 0, J$\j,k)=j\j,k). 

A fundamental role in our construction is played by the vertex operators corresponding to the 
top level states in the irreducible spin-| s£(2)k representation, 

(2.4) Jq II , — , J ||,A;^ = |— |,^), Jq|— |,/c^ = 0, 

and similarly in the primed sector. Let Vi and V_i be the vertex operators corresponding to ||, k) 
and \—~,k), respectively. So, Vi(z) and V_i(z) make up an s£{2) doublet, which we express by 
writing (Vi(z),V_i(z)) G C 2 (z). In addition, each of these operators has a second component 
and thus is an element of a two-dimensional space C 2 (z) associated with the point z, where the 
subscript indicates that this space is a representation of the quantum group s£(2) q , with quantum 
group parameter q = e 2m l p p. The s£(2) g -module is the quotient of a Verma module over a singular 
vector; in the notations of Appendix 0, where we collect some simple facts about quantum groups, 
this can be V e l with e = ±1. Thus, the vertex operator associated with the spin-| representation is 
a 'two-indexed object' with s£(2) index a = 1,2 and quantum group index a = 1,2, and therefore 
a tensor component in the space C 2 (z) ® C 2 (z). Its action on s£(2) modules is given by 

(2.5) C 2 (z) ® C 2 q (z) : V jtk - V J+hk ® /i + l- A '- A i C((z)) © V 3 _ hk ® a Vi- A ^ A i C((z)) , 

where Aj = and C((^)) is the completion of the Laurent polynomial ring C[2,2 _1 ] with 

positive powers of z. In what follows, we distinguish one of the quantum group components from 
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the other with a tilde; in the free-field realisation that we use they act as 

(2.6) V ± ,{z) : V j>k V j+ , >k ® z A ^- A ^ C ((z)), 
and 

(2.7) V ± i(z) : V hk -> V^ fc ® zVr A '" A i C((z)). 

The monodromies of vertex operators are defined by analytically continuing from the real line, 
where they are fixed as 

(2.8) Vh,mii w ) v h,m 2 {z) = e^ nn V h:m2 (z) V jumi (w) , Rez>Rew. 

To evaluate the operator product of vertex operators Yli Vji,mi(zi), we use ( |2.8|) to rearrange the 
operators Vj 1>rni (zi) . . . Vj NiTnN (zn) such that Rezi > Rezj+i, and then use the operator products 
Vji,mi(zi) • Vjt,me{ z £) ~ { z i ~~ ziY^ 1 ^ 2 ^ with Rezj > Rez e . The point of the subsequent construction 
is that different factors of the form (zj — ^)^/( 2 p) combine into integral powers, after which we no 
longer need to assume Rez^ > Rez i+ ±. 

Consider now the dual s£(2) algebra, with the vertex operators viewed as elements of C' 2 (z) ® 
Cy(z), where the quantum group parameter is q' = e 2m l v ' = q~ l in view of ( |2.1| ). Similarly to the 

2m ■ ■ ... 

above, the monodromies in the primed sector are given by e p' = e nn q~ nn . 

The module V^, 1 over s£(2) q -i is also a module over s£(2) q , as we see in ( |A.15| )-( |A.16| ). Moreover, 
depending on whether e'e is —1 or +1, this is (almost) the dual of V e i. Thus, there exists the 
trace (|A.18|) on the tensor product of the unprimed and primed vertex operators. Taking this trace 
'over the quantum group index' leaves us with a four-dimensional space: 

(2.9) C 2 (z) ® C 2 q (z) ® C 2 (z) ® C 2 q ,(z) -H C 2 (z) ® C 2 (z), 

(more precisely, there is an extra factor on the right-hand side given by V_i 5 o for ee' = — 1). 

Now, the monodromies of the operators from C 2 (z) ® C' 2 (z) with each other are given by g- 71 - 72 • 
e 2mj 1 j 2 g-jih — e 2m \-\ = 6 t. Therefore, the operators from C 2 (z) ® C 2 (z) are 'almost' local with 
respect to each other. They can be made local by introducing an auxiliary scalar field / with the 
operator product 

(2.10) f(z)f(w)=log(z-w), 

and multiplying the operators from C 2 (z)®C 2 (z) with e ± V2^ z \ Note that adding up the dimensions 
of the primed and unprimed V + i operators, we find 

2 

1/1 i 1 \ 1/1 



2.11 ^ ' + 



|(i + l) , + 3 



p p' 4 
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which after multiplying with e 1 ^^ becomes | + \ = 1. Their monodromies are • e 2 ^ = — 1. 
Denoting by Cf(z) the two-dimensional space generated by e ± ^72^ z \ we thus see that the basis 
elements of C 2 (z) <8> C /2 (,2) <g> Cf(z) represent ezg/it dimension- 1 fermionic currents. 

It turns out that these eight fermionic currents generate an affine Lie superalgebra Z)(2|l; a), as 
will be discussed in Sec. [| Until then, we concentrate on the algebra generated by four of these 
eight fermionic currents, which is the affine Lie superalgebra s£(2|l) (see Appendix [FJ for notations 
and conventions). We, thus, define 

E 1 = — (Vi Vi + Vi Vi] 

V 2 2 2 2/ V2 



75' 



(2-12) } . , 

£ = A cos - Vi 7' i + Vi 7' i ) $ i 

W P P V 2 -2 2 -2/ "7 

and 

(2.i3) * v \ " x 

F 2 = K + 7_i Vn 

V 2 2 2 2 / n/2' 

where 



(2.14) $ a (z) =e a/{2) . 

Lemma 2.1. Let t/ie s£(2)^ and s£(2)&/ algebras be generated by the currents (J + , J°, J~) 
and ( J /+ , J'°, J'~), respectively. Then the fermionic currents ( |2.12| )-( pi.l3| ) generate the affine 
s£(2\l) algebra of level k = p — 2. Its s£(2) subalgebra coincides with s£(2)k, i.e., 

(2.15) E 12 = J+, H = J°, F 12 = J-, 
and its u(l) subalgebra is generated by the current 

(2.16) H + = {k + l)J'°- -fedf. 
The current 

(2.17) A=^2(kTT)(J' -j= 2 df) 
commutes with all the s£(2\l) currents. 



We prove the Lemma by evaluating the operator product expansions of the currents (|2.12|) -( |2.16|) . 
Some of them are straightforward. In particular, one has, 
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and since the generators in ( [2.13|) are obtained from those in ( |2.12|) by the action of the s£(2) 
subalgebra (the unprimed s£(2)), we also effortlessly obtain the operator product expansions 

(2.19) F 12 (z) E 1 (w) = , F 12 (z)E 2 (w) 



z — w z — w 

E 2 „ 10/ . „ . . — E 1 



(2.20) E 12 {z) F\w) = -=— , E 12 (z) F 2 (w 

z — w z — w 

The remaining relevant operator product expansions are calculated in Appendix [D| with the help 

of the Wakimoto bosonisation discussed in the following section. The latter explicitly shows the 

quantum group action in terms of the screening operator and contour manipulations (more precisely, 

screenings (one screening in the current case of s£(2) q ) generate the nilpotent subalgebra of s£(2) q , 

while the entire quantum group is represented in terms of a construction Q using more involved 

contour operations). 

Let us remark at this point that the currents in formulas ( |2.i2j ) and (|2.13| ) are normalised in 
accordance to a particular choice of screening contour in the Wakimoto representation. In general, 



the normalisation depends on the precise definition of the screened vertex operators, cf. ]TS, Q . 

2.2. The Wakimoto representations of s£{2) and screened operator products. We define 
a first-order bosonic system and an independent current by the operator products 

(2.21) /3{z) 7(10) = ^— , dy(z)dip{w ' 



z — w (z — w) 2 



In terms of these free fields, the s£(2) p _ 2 currents can be written as 

J+= -p, 

(2.22) J° = y / f^ + /3 7 , 

J- = firyry + v /2p7<9y? + (p - 2)^7 , 

and the vertex operators are, 

(2.23) Vi = e^, V_i =je^. 

Similar formulae for the primed s£(2) algebra are obtained by consistently replacing the free fields 
with the primed ones and replacing p with p' . 

The Wakimoto bosonisation screening acts on a vertex operator as 

(2.24) s- : _> _L f dxS(x)V(z). 

The integration contour can be chosen in different ways; one of the possibilities is to take the contour 
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where the straight line shows the branch cut due to the nonlocality in the operator product of S(x) 
and V(z). As is well known (see, e.g., [pi], |33], ||), up to a normalisation factor this contour can 
be replaced with the contour running along the cut (in this case the integral is defined by analytic 
continuation). We choose the latter possibility in what follows; it turns out that we will have 
fewer (—l) a factors if we define 



(2.26) S : V{z) i — > V{z) = / dxS(x)V(z) , 

J z 

where the integral has to be evaluated for those parameter values where it converges and then 
analytically continued. 

In order to verify the s£(2|l) operator product expansions between the currents constructed in the 
previous section, we need to evaluate products involving screened and unscreened vertex operators 
in the combinations determined by the quantum-group trace (|2.9|) , typically, 

(SV x (z) V{{z) + V x (z) S'V{{z)) ■ (SV 2 (w) V±{w) + V 2 (w) S'V 2 \w)), 

where V and V some s£(2) and s£(2)' vertex operators. In all of the operator products that we 
encounter in what follows, a nonzero contribution comes from the terms 

(2.27) SV x {z) V{{z) V 2 {w) S'V 2 \w) + V x {z) S'V[(z) SV 2 {w) V 2 \w) = 

POO 

duS(u)V 1 (z)V{(z) ■ / dxS'{u)V 2 {w)V 2 \w) + 



+ / du S\u) Vi(z) V{{z) ■ / dx S{u) V 2 {w) V 2 (w) , 



We first assume Rez > Rew, evaluate these operators products, and analytically continue the 
result. The above expression ( |2.27| ) thus becomes, 



(2.28) / du S(u) ■ V^z) ■ V 2 (w) / dx V[{z) ■ S'(x) ■ V 2 '(w) + 

J z J w 

PZ POO 

+ du Vt(z) ■ S(u) ■ V 2 {w) / dx S'{x) ■ V{{z) ■ V 2 \w) + 

J w J z 

poo poo 

+ (-l) a 'i / du S(u) ■ Vx{z) ■ V 2 (w) / dx S'(x) ■ V((z) ■ V 2 \w) + 

J z J z 

poo poo 

+ (-l) ai / du S{u) ■ V 1 (z) ■ V 2 {w) / dx S'{x) ■ V({z) ■ V 2 \w) , 

J z J z 

where (— l)"' 1 and (— l) ai are the monodromies coming from 

(2.29) V({z) S'(x) = (-l)«i S'(x) V[{z) , V x (z) S(x) = (-l) Ql S{x) V x (z) , 

(where Rex > Rez). When V x is either e^ 75 ?^ or ^e^^ \ as prescribed in ( |2.23| ), the monodromies 
are (-l) ai = e~™ /p and (-l)"' 1 = e~ m/p ' = -e wi/p , and ( fF2T\) becomes, 

(2.30) (SV x (z) V{{z) + V x (z) S'V{{z)) ■ (SV 2 (w) V 2 '(w) + V 2 (w) S'V 2 \w)) = 
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/>oo /"OO 

-2isin^ / d«S , («)y 1 (2) V 2 (w) / dxS'(x)Vl(z)Vl(w) + 

J z J z 

poo pz 

+ / duS(u)V 1 (z)V 2 (w) / dxV{{z) S'(x) V^w) + 

J z J w 

pz poo 

+ / duVi(z) S(u)V 2 (w) / dxS'{x)V{(z)Vl{w). 



Appendix [D| is devoted to explicit checks of the s£(2|l) operator product expansions in the Waki- 
moto representation. In addition to establishing the operator product expansions, the Wakimoto 
bosonisation is a useful tool to verify the relation between the energy-momentum tensors underlying 
the central charge balance in Eq. ( |1 . 5| ) . 



Lemma 2.2. The combined energy-momentum tensors of the s£(2\l) algebra generated by ( 2.1 2|) — 
( [2. 16 ) and the independent u(l) current A{z), Eq. ( p.lTf ), equals the sum of the energy-momentum 
tensors for two s£(2) and the free u(l) current df(z): 

(2.31) T Sug + \AA = - -^ v d\ - /3«9 7 + §<V<V - vfe^V - W +¥fdf . 



Proof. To show this, we directly calculate the Sugawara energy-momentum tensor given by 
Eq. ( |B.5| ). First, the s£(2) subalgebra contribution is given by, 

(2.32) JL (E 12 F 12 + H~ H~) = -(3dy + -1_ d/3 7 + d V dy, 

(which, obviously, is not the s£(2) energy- momentum tensor). Second, the fermionic contribution 
can be read off Appendix 0, 

(2.33) ^ [E 1 F 1 - E 2 F 2 ) = ^dtpdtp + + y/lffydf - ^dfdf 

- pdi - V2(3Wdf - - ^y, 

and, in addition, we have 

(2.34) --^H + H + = V?(p - 2)d<f/df - ^dfdf - 

+ V2(p - 2)(3'y'df + (p - l)(3' di - (p - 1)^7' - VMp ~ 1)W - (p - 1)/Wt'- 
Finally, the free scalar current A has the energy-momentum tensor 

(2.35) ±aa = §<y<y - Vp(p - 1) V^/ + f (p - 1 ) d f d f + VMp - W 

- - 1)/3'7^/ + (? - iwyy - (p - 1) w + (p - wy- 

Adding all this together, we arrive at Q2.31|) . ■ 
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3. Extending s£(2\l) k to the D(2\l;k') k algebra 



So far, we have seen that the appropriate bilinear combinations of vertex operators extend the 
s£(2)k © sl{2)k> © w(l) algebra to s£(2\l) k - We now show that this is in fact part of a larger 
construction, that of the exceptional affine Lie superalgebra D(2\l;a). 

3.1. The 'auxiliary' level-1 s£(2) algebra. We first use the auxiliary scalar / to construct 
an s£(2) algebra of level 1, 

(3.1) j + (z) = e V5/W , f( z ) = ±df(z) , j-(z) = e-^W . 
Then the two Cartan currents of sl(2\l) p -2 and the extra u(l) current become 

(3.2) H~ =J°, 

(3.3) H+ = $J of -(p-2)j°, 

(3.4) A= y/2to=T){J°' - f) , 

where, as before, J ' is the Cartan current of s£(2) p /_ 2 and J° is that of s£(2) p _ 2 . We thus clearly 
see the interplay of three s£(2) algebras, two at dual levels k = p — 2, k' = p' — 2, and one at level 1, 
in our construction of s£(2\l). 

In the next subsection, we discuss how to embed s£(2) © s£(2) © s£(2) and s£(2\l) © u(l) in the 
affine superalgebra D(2\l;a) in such a way that the u(l) currents (|3.2| )- (|3.4j) are recovered. This 
will mean that the eight basis elements of C 2 (z) ©C' 2 (z) ©C^(z) (four of which were explicitly given 
in Eqs. (|2.12|) - (|2.13|) in terms of vertex operators) represent in fact the D(2\l; a) fermions. 

3.2. Conformal embeddings in D(2|l; a). Our conventions on D(2|l; a) are summarised in Ap- 
pendix y. Using the notations for the roots introduced there, we write the bosonic subalgebra of 
£>(2|l;a) as s£(2)^ © s£(2)^ © s£(2)^ . When s£(2\l) is regularly embedded in D(2\l;a) (i.e. 
when the roots of the subalgebra are chosen as a subset of the roots of the embedding algebra), any 
of these three s£{2) algebras can be taken as the s£{2) subalgebra of s£(2|l), for which we introduce 
the notation (reminding us of the H~ current) s£(2)(° \ so that or = a 2 , «3 or ag. For each choice 
of a~ , there exist two regular embeddings of s£(2|l) in D(2\l;a). The corresponding s£(2|l) root 
lattices contain a~ and four of the eight odd roots of D(2\l;a). From now on, we use the parame- 
ter 7 = y^j, 7 G C \ {0, 1, oo} instead of a. This parameter governs the norm of a 2 and a 3 , and ag 
is always the longest root if 7 6 [|, 1[ (see Appendix [C]). 

For the affine algebras, the levels of the algebras involved in the embedding 

(3.5) s7(2|l) A ©?2(l)c5(2|l;^-) K 
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are related as A = — —jz^ or k according to whether a~ = a 2 , «3 or olq. On the other hand, one 
also has the regular embedding, 

(3.6) s£(2)^ © s£(2)^ © s£(2)M C D(2|l; . 

We now note that the Sugawara central charge of D(2\l; is 1 for any value of the level k, 

because the dual Coxeter number of _D(2|1; jz^) K is zero and its superdimension (number of bosonic 
generators minus number of fermionic generators) is one; hence, the corresponding central charge 
is one. But the central charge of s£(2\l)\ © u(l) is also 1 for any level A, this time because the 
superdimension of s£(2|l) is zero, and it turns out that for certain relations between the level k 
and the parameter 7, which we analyse below, the central charge of the s£(2)\ 1 © s£(2)\ 2 © s£(2)\ 3 
subalgebra of £)(2|1; is also one. It is therefore not surprising that s£{2) © s£{2) © s£(2) 

and s£(2\l) ©m(1) are intimately linked, a fact already noticed earlier when the energy-momentum 
tensors of the two theories were shown to coincide in a free field representation ( [2.31|) , and also seen 
from the representation decompositions in Sec. [5] and the character identities (|5.55| ). 

The relation between s£(2) © s£(2) © s£(2) and s£(2\l) © u(l) is based on the fact that the 
embeddings into D(2\l; ^— ) K which we consider give rise to dual s£(2) pairs: 

Lemma 3.1. The Sugawara central charge of s£{2) ( ^ © s£{2) { ^_ © s£{2) { ° e) is one if and only if 

7 1 — 1 

two of the s£(2) subalgebras are dual to each other in the sense of Eq. ( |1.1| ). Moreover, when this is 
so, the third s£(2) algebra has level 1. 

Proof. Indeed, adding up the central charges on the left-hand side of ( |3.6|) , we find the sum is one 
for k = 7 — 1 (in which case s£{2) <ya2 ^ and s£{2)^ ae ' > are dual and s£(2)( a3 ) has level 1), for k = —7 
(with s£{2)^ and s£{2)^ dual), or for k = 1 (with s£{2)^ and s£(2)^ dual). Conversely, we 
have to consider three different possibilities to pick out two dual s£(2) algebras. 

1. Taking the pair s£{2)^ and s£{2)^ leads to k = 7 — 1 and the relevant embedding is 

(3.7) sl(2)g © 7£{2)^ ] © s£(2)^l C D(2\l; ^-) 7 _ x . 

7 

2. For the pair s£(2) (Q3) and s£{2) {ae) chosen as dual, k = —7 and the relevant embedding is 

(3.8) s£(2t 2) © s£(2)^ © s£{2)^ C D(2|l; ^)_ r 

1— 7 ' 

3. Taking s£{2)^ and s£(2)^ as the dual pair leads to k = 1 and, thus, to the embedding 

(3.9) 5(2)5 } © 5(2) ( _? ) © s£{2)^ e) C D(2\l; ^ . 

7 7-1 

This completes the proof of the lemma. ■ 

So we have two subalgebras of g = D(2\l; jz^) K} namely hi = s£(2|l) A ©w(l) and h 2 = s£(2)^ © 
s£{2)^^ © s£(2) <y "°\ whose central charges coincide with that of g as long as two of the three 
levels ki = k 2 = -jzz, and k 3 = k obey (k a + l)(k b +!) = !. 
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For unitary representations, we would then conclude that embeddings (|3.5|), fl3.7|), (|3.£|), and (|3.9|) 
are conformal, since the coset Virasoro algebra L = C g — Ch has vanishing central charge, and the 
only unitary representation of the coset algebra in this case is the trivial one flS ], leading to the 
following formal relation between characters, 

(3.10) Tr A g £ « = Tr A 

In the case at hand, though, we are dealing with non unitary representations. A sum (of products) 
of characters corresponding to hi or to h 2 representations can only be interpreted as an irreducible ~g 
character if the corresponding representation is acted upon trivially by the coset Virasoro algebra. 
We want to argue that, in order for this to be so in the case of a g representation with highest 
vector |A), it is sufficient to demand that the state L_ 2 |A) is null (i.e., singular or a descendant of 
a singular state), and that the same condition holds for the vacuum representation, i.e. L_ 2 \0) is 
null, where |0) is the usual sl(2, C) invariant vacuum, which is also invariant under the action of the 
finite dimensional algebra g. Indeed, the operator product expansion of L with one of the currents 
J a {() of g is of the form, 

(3.H) L(z)J a (C) = + + regular, 

and the state associated with the residue of the double pole is, 
(3.12) X_!|0) = (J a )!L_ 2 |0) = \{J a U\0), 

for some constant A. Since (J a )_!|A ) is not null and yet our assumption demands that the vector 
( J a )iL_ 2 |A ) vanishes or is null, it follows that A = 0, so that X(() must vanish identically. Thus, 

(3-13) \r m) L n ] = M ab Y^ +n , 

so that L n and Y® are just two Kac-Moody primary fields in some representation of g. Moreover this 
representation is finite since the number of weight-two states in A is finite, and all the states in the 
multiplet are null. We now return to the representation |A) which is not the vacuum representation. 
It is easy to show that 

(3.14) (£ ff )i£_ 2 |A) = 3£_i|A), 

so that this state must also be null. Since L_i and L__ 2 generate the whole Virasoro algebra, it 
follows that L_ n \A) must be null for any n, and hence any of the V_ n |A) will also be null for a Y in 
the null multiplet of weight-two fields. As a consequence of the above remarks, a state of the form 
| W) = L_ n {. . . }|A), where . . . consists of some arbitrary collection of ~g current modes, is null, as 
can be shown inductively by pushing L_ n to the right. The action of L on the representation A is 
therefore effectively trivial as claimed. 

For instance, in the case of embedding ( |3.9|) , where D(2\l; has level one, the state (E 1 "^) 2 ^) 
is a singular vector, where is the usual affine simple root associated with the step operator 
corresponding to the highest root ae of g. This state is a singular vector at grade two as is L_ 2 |0), 
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so it isn't unreasonable to argue that they are in the same multiplet under g. If this were the case, 
our condition that L_2|A) is null is equivalent to the condition that (E ae _i) 2 \A) is null. The latter 
is implied by the vanishing of (A|(£' ] ~ Q9 ) 2 (i?"*) 2 |A), yielding the familiar s£(2) result 

(3.15) a 9 .A(a A - 1) = 0. 

This means we only should see the unitary singlet and doublet representations of the s£(2)^ e ^ 
appearing in the D(2|l;^^)i character decomposition if the embedding is to be conformal, and 
indeed inspection of our character sum rules reveals that only the characters of these s£(2) ( f e ^ 
representations occur. 

We now proceed to identify which of the s£(2\l) embeddings (|3.5|) (with k — 7 — 1, —7 or 1) is 



the one implied in (|3.2|) - (|3.4|) . To make contact with the latter expressions, we must fix the level 
of s£(2\l) to be k, so that its subalgebra s£{2)^ a ) is also at level k. 

According to the above discussion, we have the embeddings 

D 

(3.16) / \ 

s£(2\l) x © u(l) s£(2)% 2) © sl(2)£ 3) © s£(2)^ e) 

inD = 5(2(1; ^-) 7 _i for the levels, 



(3.17) (A;Ai,A 2 ,A3) 



(k;k',l,k), (k';k',l,k), for 7 = -£ = k + 1, 

(k; k, 1, k'), (k 1 ; k, 1, k'), for 7 = -f = k' + 1, 

in D = D(2\l; ^)- 7 for the levels, 

' (Jfe; 1, Jfe', Jfe), (k';l,k',k), for 7 = -Jfe, 

{k;l,k,k'), {k';l,k,k'), for 7 = -jfe', 



(3.18) (A;A 1 ,A 2) A 3 ) = 
and in D = Z?(2| 1; for the levels 

(3.19) (A; Ai, A 2 , A 3 ) = 



(k;k,k',l), {k';k,k',l), for 7 = -± 
{k;k',k,l), (k'; k', k, 1), for 7: 



j_ 

' k'- 



We actually have twelve descriptions of s£(2\l) k © u{\) in terms of s£(2) ( ° 2) © s£(2) {a3) © s£(2) (oe) , 
which we summarize in Table [l]. There, we label the even subalgebra of s£(2|l) © u(l) as 

(3.20) $(2)< Q ~> © «(l) (a+) ] © u(l)^\ 

We further define at'~ and /3 such that s£(2)( a ) is the algebra dual to s£(2) ( - Q \ and s£{2)^ is the 
third, level 1, algebra in the sense described in Lemma STT| . The comparison of data in Table [I] with 
the currents (|3.2|)-([3.4|) requires proper normalisation, dictated by the operator product expansions 



fc/2 
— w) 

[ia~ with = ^kj2{or) 2 (since (5~) 2 = k/2). Similarly, H + (z) corresponds to a + = va 



derived earlier. Since H (z) H (w) = , , the properly normalised corresponding root is a 
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with v = ^—k/2(a + ) 2 , J ' (z) corresponds to a'~ = pa'~ with p = \Jk' /2(o/~) 2 , j°(z) corresponds 
to j3 = aj3 with a = a/1/2(/3) 2 , and finally, A(z) corresponds to a* = ra* with r = a/1/(«*) 2 . 

We conclude that the first embedding in Table [I] indeed corresponds to currents (|3.2|)-(|3T4|), with 

(3.21) cT = &a , 

(3.22) 5+ = ^(a 2 + a 3 ) = (k + 1)5" - k(3, 

(3.23) a* = -0={ka 2 + (k + l)a 3 ) = ^2k(k + l)(a'~ - /?). 

This therefore indicates that the vertex operators corresponding to all eight elements from C 2 (z) £g> 
C' 2 (^) (g) C 2 (z;) extend our vertex operator construction of s£(2\l) k to D(2\l; h) k = D(2\l; k') k . In 
Sec. ||, we establish character sumrules which confirm that the coset of D(2|l; k') k by s£(2\l) k (Bu(l) 
actually coincides with the coset corresponding to the conformal embedding (|3.7|). 

4. Constructing the representations 

We now construct relations between representations of s£(2\l) k and of the s£(2) k and s£{2)y 
algebras with dual k and k'. The vertex operator realisation of s^(2|l) in Sec. ^| involves taking 
'quantum traces' of products of s£(2) k and s£{2)y vertex operators, suggesting that representations 
of s£(2\l) could be constructed as sums of products of representations of these dual s£(2) algebras 
(and the auxiliary s£(2)\ representations). However, identifying which s£(2) representations to 
choose in order to obtain, e.g., the category O of s£(2|l) representations does not follow from the 
operator construction alone, and the question is analysed in Sec. |Q. 



On the other hand, one can address the inverse problem of reconstructing s£(2) k @s£(2) k i represen- 
tations out of a given s£(2|l) representation. By simply restricting the latter, one obviously arrives 
at representations of s£(2) k . For the dual s£(2) k / algebra, which is not a subalgebra of s£(2\l), the 
construction of its representations starting with an s^(2|l)& representation is provided in Sees. [O] 



and^]2|. The 'direct' and the 'inverse' problems each consists, first, in constructing a representation 
and second, in decomposing it. The second step, which requires a more detailed analysis of the 
representations constructed, will be addressed in Sec. |5[ 

We continue using both k = p — 2 and k! = p' — 2 as the parameters. 

4.1. Reconstructing the dual s£(2) pair. We first address the problem of reconstructing the dual 
pair s£(2) k © s£(2) k i starting with the s£(2\l) k algebra. One of these is obviously the subalgebra of 
s£(2\l), and thus the problem is to 'complete' the u(l) subalgebra to the second ('primed') s£(2). 
The construction goes by picking out the appropriate terms in the operator products {C 2 (z) © 
C 2 (z)) ■ (C 2 (w) © C 2 (w)), where C 2 (z) © C 2 (z) denotes the s£(2\l) operators representing s£(2) 
doublets. This yields the dual s£(2) operator product expansions after a 'correction' with an extra 
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a 


roots generating 
s£(2\l) plane 


a+ 


a 


a 


/9 


value of parameter 7 


embedding 
(A; Ax, A 2 , A3) 


ag 


(ai - ag , ai) 


— a.% — a 3 


(1 - 7)a 2 - 7a 3 


a 2 


a 3 


-jfe/jfe' 


(^k ^ k jl^Ai^ 










a 3 


a 2 


-k = t x {-k/k') 


(jfe; 1, jfe', jfe) 




(ax + a 3 , -a x - a 2 ) 


— a 2 + a 3 


(1 - 7)a 2 +7a 3 


a 2 


a 3 


-jfe/jfe' 


(^k ^ k , 1, fe) 










a 3 


a 2 


-k = t x {-k/k') 


^ Ai j 1 . Ai . ^ 


Oil 


(ax + a 3 , ag - ax) 


a 3 + ae 


"3 + (1 - l)oig 


ae 


a 3 


-k'/k 


^fc, /c . X . Ai J 










a 3 


ae 


-l/k = hht 2 {-k'/k) 


i^k j Ai j ^ 1 ^ 




(ax , ax + a 2 ) 


-a 3 + a e 


-a 3 + (1 - 7)a 


ae 


a 3 


-k'/k 












a 3 


ae 


-i/k = t 2 t 1 t 2 {-k / /k) 


(jfe;fc,fc',l) 


a 3 


(ax + a 2 , a — ax) 


a 2 + ag 


a 2 + 7ae 


ag 


a 2 


-k' 


(ife; 1, jfe, jfe') 










a 2 


ae 


-l/k> = t 2 {-k') 


(^k ^ k . Ai j 1 1 




(ax , ax + 03) 


— a 2 + ag 


— a 2 + 7ae 


ae 


a 2 


-k' 


^ Ai ^ 1, A^ Ai ^ 










a 2 


ae 


-l/k> = t 2 {-k>) 


[ k ^ k . A; j 1 ^ 



TABLE 1. Embeddings of s£(2|l) A © «(1) and s^(2)^ 2) © s^(2)^ 3j © s^(2)^ eJ in D(2|l; x^) 7 -i 
(embeddings 1,3,5,7), D(2|l; j^)- 7 (embeddings 2,4,9,11) and D(2\l; (embeddings 6,8,10,12). 

a~ and a + are associated with the isospin and hypercharge in s£(2|l), while a* is in the u(l) 
direction orthogonal to the s£(2|l) root plane in -D(2|l; a). s£(2)( a ' and s£(2)( a > are dual algebras 
and s£(2)w is the third, level 1 algebra. The transformations t\ : 7 — > 1 — 7 and t 2 : 7 — + 7 _1 are 
discussed in Appendix |C[ 



\(«3) 



scalar field (recall that we also needed an auxiliary scalar in constructing s£(2|l) out of two s£(2) 
algebras). We, thus, introduce the scalar field cf> with the operator product 

1 



(4.1) 



d(j)(z) dcj)(w) 



(z — w) 2 

note that the sign is opposite to the one for the / scalar in (|2.10|) ) and define 



(4.2) 



— E 1 F 2 



k+l 



9- 



— F 1 E 2 



fe+i 



_ k' 



-^d(p+ (k' + l)H + . 



The operators ^> ± representing f\ 2 C 2 (z) ('corrected' by the free scalar, and therefore, local with 
respect to each other) commute with the s£(2) subalgebra of s£(2\l). It also follows from the s£(2\l) 
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algebra that 

(4.3) (E 1 F 2 )(z) (E 2 F 1 )(w) = 

k{k + l) 2{k + l)H + T Sug + E l F 1 - E 2 F 2 + dH~ + dH+ 

~ {z-wY {z-wf { + } {z-wf + 

where Ts ug is the Sugawara energy- momentum tensor (|B.5|). Thus, 



y \i> 

(4.4) m + (z)m-(w) = - ^ + 2 



(z — w) 2 z — w 

It is easy to see that ^> + (z) ty + (w) and ^~{z) ty~(w) are nonsingular. We also find the opera- 
tor products 

-I— \Tr± V 11 

(4.5) y°(z)y ± (w) = , * (z)*°(w) = -, j. 

z — w (z — w) 2 

Equations (JOJ) and ( P~5| show that \I> + ; \I> , and \I>~ satisfy i/ie £ aW s£(2) algebra of level k'. 
However, we keep the notation \I> =*= '° instead of J /=t ' in order to stress that the former are constructed 
out of the s£(2\l) currents. In addition, we have the current 

(4.6) ~ = ±d<P + H\ H(z)~H = -f±ip, 
that commutes with the si{2)y algebra. 

Remark 4.1. Under the s^(2|l) spectral flow 

EHz) ^ z e E l (z), E 2 (z) i-> z- e E 2 (z), 

H + (z) ^H + (z)-9^, 

F\z) ^ z- F\z), F 2 {z) ^ z e F 2 {z), 
the s£(2)k' currents undergo the spectral flow transform with the parameter 29: 

Note also that if the s£(2|l) spectral flow is accompanied by the transformation <p(z) i— > <p(z) — 
V2 9\og z in the auxiliary scalar sector, the si{2)y currents remain invariant. 

Remark 4.2. The operators emerging in operator product expansion ( f4.3|) already commute with 
the s£(2) subalgebra; they can be further reorganised by separating the part that commutes with H + . 
The resulting operators then generate the coset W algebra to = s£(2\l) / g£(2) mentioned in the 
Introduction. Its central charge 

2k + 1 k' - 1 

c = -2— — = 2- 

k + 2 k' + 2 

satisfies, obviously, c + 1 + = 0. The lowest spin (spin-2 and spin-3) generators of to can be read 
off from Q4.3|) (with the first-order pole restored) and are expressed through the s£(2| 1) currents as 

E 1 F 1 -E 2 F 2 E 12 F 12 + H~H- H+H+ dE~ 

W 2 = : : + -VZ -TV, ^- + T-r, 7T + 



fc+1 (fc + l)(fc + 2) k(k + l) k + 2 
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and (choosing it to be a WVprimary) 

W 3 = ^ {k+m l% (3k+2) (Hk + + E 12 F 1 F 2 - \E^ 2 + \{k + A)E 2 dF 2 - 

- F 12 E X E 2 + H-E l F l + H~E 2 F 2 - ^-H + E 1 F 1 - 2 h H + E 12 F 12 + tt±H + E 2 F 2 - 

k k k 

- IH+H-H- - 2 J±g±H + H + H + - ^H + 8H- - \{k + A)dE l F l + \dE l2 F 12 

- \{k + A)8E 2 F 2 - 8H+H- - \d 2 H- - \{k + 4)<9 2 iT 

No higher-spin currents are generated for k = — 3 (i.e., the W3 ■ W3 operator product is closed to W2 
and W3), and similarly with more negative integer values: for k = —n, the highest spin is n. 

4.2. Prom s£(2\l)k to st{2)y representations. We now consider the s£(2)k> representation fur- 
nished by the modes ^n'° °f ^ ne currents constructed in ( |4.2| ). We start with an s£(2| 1)^ mod- 
ule, which we take to be a twisted Verma module < J > h-,h + ,k-,6 (see Appendix |BJ) with the twisted 
highest-weight vector h + , k; 9). Let also £ CT be the Fock module of the free current dcj) with 
the highest-weight vector \e^ ) corresponding to the operator . Then 7h-,h+,k-fi®®n& ^o-+2n 
carries a representation of s£(2)k>- We now construct the s£(2)k' highest-weight vector, which we 
temporarily denote by |/t_, h+; 6; a)', by tensoring the highest-weight vectors in these modules. 

Lemma 4.3. The st(2)y state 

(4.7) \h-,h + ]9]<T)' =\h-,h + ,k;9) ® e^^ 

is a twisted relaxed highest-weight state. 



We recall that a twisted relaxed highest-weight state \ j',A, k'\ 9')^, 2 y satisfies the annihilation 
conditions 

(4.8) ^t 1+el \j',A,k';9')^ 2y =0, *>i_0>b''> A, k'; 9')~^ 2 y = , *>ili', A, A;'; 9')~ i(2 y = , 
the eigenvalue condition 

(4-9) ¥g A, fc'; 9') 7m , = (f - \f, A, fc'; 0') s l (2) , , 

and the relation 

(4.10) A, tf; 0') s l (2 y = A \f, A, fc'; 0')s (2 y . 

We will write \f, A, k')^ 2 y for the 'untwisted' state \j',A,k';0)^ 2 y. When there are no more 
independent relations (no singular vectors are factored over), the module spanned by the s£(2)k> 
generators acting on \f, A, k'\ 9') is called the relaxed Verma module Jtji^k'tf' [0- The Sugawara 
dimension of the twisted relaxed highest-weight vector \f, A, k'; 9')~ i(2 y is given by 

(4.11) A' = f2 + f + A -9>f + *9'\ 
K J k' + 2 4 
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Proof of the Lemma. Let Uh_ ! h+- ) e be the operator corresponding to the twisted highest-weight 
vector \h-, h + , k\ 9) (see ( |B.3|) ). It follows that the s£(2)k> currents ^/ ± '° develop the following poles 
in the operator product with the operator Xh_ > f l+ -e ;a = Uh_,h + -,e corresponding to 

(4.12) X h _, h+ . A M ~ ^' 1 ~ a , X h _, h+ . A M ~ z- 26 - 1+(T - 



This gives precisely the twisted relaxed highest- weight conditions for the state in (4.7). We now 
choose a = 29 for simplicity (taking a different from 29 would result in the spectral flow transform 
of this state and, thus, in the twist of the entire module). We then find that the \h_,h + ;9;29)' 
state constructed in (|4.7|) satisfies condition ( |4.10| ) with 9' = and 

(4.13) A = -jj+p (k + l + h + - h_)(h + + h.) . 

We also see that the eigenvalue of on \h-, h + ; 9; 29)' is f = -J^. Thus, \h~, h + ; 9; 29)' is the 
relaxed highest-weight state 

(4.14) \h., h + - 9- 29)' = |^, (k + l + h+ — h_)(h + + h-),kf)^ 2)l 

and the freely generated module is the relaxed Verma module X \ , . ■ 

T&,j0p (k+l+h+-h-)(h++h-),k' 

The dependence of the space @ n 8,28+2n on 9 is only modZ, and for the integer 9 that we consider 
in what follows, we have the space £* = ® n £ 2n . The s£(2) k i representations on 7'h_ 1 h + ,k;e ® £* 
are distinguished by the eigenvalues £ of the current in (|4.6| ). Let be the Fock module over 
the Heisenberg algebra of Fourier modes of the H current with the highest-weight vector |£) such 
that H |0 = £ |0 and 3>i |0 = 0. It follows that 

(4.15) H \h-,h+, k; 9) ® e ^ e+n) ^ = (h+ - (k + 1)9 - n) \h-,h+, k; 9) <g> e ^ {e+n) ^ , 
while as ree; ards the s£(2) k > algebra, the state \h-,h+, k; 9) ® | e v^(*+»)*) 

is a twisted relaxed highest- 
weight state with the twist 9' = 2n. We thus expect the decomposition into a sum of spectral-flow 
transformed s£(2) k ' representations, 

(4.16) ^A'®^ = 0%,^ (W4 ^^ 

(where the dots denote s£{2) k representations). Since the parameters of the s£{2) k i modules ap- 
pearing on the right-hand side are insensitive to the s£{2\l) spectral flow parameter 9, this induces 
the correspondence 

fc+T' (fc+i)^ (k+l+h+-h_)(h + +h_),k';* 

between spectral-flow orbits of si(2\l) k and s£{2) k i modules. 

An interesting question is whether this correspondence can be extended to a functor; answering 
this involves, in particular, investigating the correspondence between singular vectors appearing 
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in the modules related by the correspondence. We now show that the ~> arrow descends to 
submodules generated from a class of the so-called 'charged' singular vectors. 

The relaxed Verma modules may contain singular vectors such that the corresponding quotients 



are the usual Verma or twisted Verma modules. These are the charged singular vectors [17|, which 
occur in the module built on the vector \j',A, k')~ £ , 2 y whenever A = A c h(n, j') for n G Z, where 

(4.18) Ach (n, j') = n(n + 1) +2nj', neZ. 

When ( |4.18|) holds, the charged singular vector reads 

(y-)- n \f,A ch (n,j'),k')~ e{2 y, n<-l, 

(^r +1 \f,A ch (n,f),k')~ e{2)l , n>0. 
This state satisfies the usual Verma-module highest-weight conditions for n < — 1 and the twisted 
Verma highest-weight conditions with the twist parameter 9' = 1 for n > 1 [17 . 



(4.19) 



\C(n,j',k'))^ 2y 



Remarkably, we see from ( |4.13| ) and ([4.18|) that a charged singular vector occurs in the relaxed 



Verma module 51' 



fc+T> (^TF ( k + l + h +- h -)( h ++ h -)> k ' 



if and only if 



(4.20) h+ = -h- - (k + l)n or h+ = h- - (k + l){n + 1) , 

which are the conditions (|B.11|) for the existence of charged singular vectors (|B . 1 2| ) and ( |B.14|) in 
the s£(2\l)k Verma modules '?h_,h + ,k;» (in the notations of J7j, such conditions on the highest weight 
state lead to class IV and class V representations). Thus, 



Lemma 4.4. The relaxed Verma module 0l' h , 



generated from the state 



fcTT' (fcTIF (k+l+h+-h-)(h++h-),k> 

constructed in ( f4.7|) contains a charged singular vector if and only if the s£(2\l) Verma module 
3\_,/i + ,£i;6> contains a charged singular vector. 



In addition to the 'existence' result asserted in the Lemma, the charged singular vectors (|4.19|) 
in the s£(2)k' representation on 7h.,h + ,h,e <8> £* actually evaluate as the respective sl(2\l)k charged 
singular vectors ( |B.12| ) or ( |B.14| ). Indeed, consider the representation on 3\_ _/i_-(A;+i)n,fc;0 ® £* an d 
let n < —1. Then, up to the factor {k + l) n , 

(4.21) (^ y n — h -^-li^ h- a\ c V2e<j> 



-h- - (k + l)n, k; 9) 

E Q , „ ... ■ F e+n+1 . . . F e \h_ 



l)n, k; 



,v / 2(6»+n)0 



J e+n ■ ■ ■ ^e-i ' ± ' e+n+i • ■ ■ ± i"--' h- 
which is precisely the corresponding charged singular vector in ( p.!4|) . Next, let n > 0. Note that 
in this case, the charged singular vector (^Q) n+1 \j',n(n+ 1) + 2nf, k')^, 2 y satisfies the highest- 
weight conditions that are twisted by 1 with respect to the s£(2) Verma-module highest-weight 
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conditions. It is immediate to see that (again, up to a nonvanishing factor) 
(4.22) (^) rt+1 \h-, -h- - {k + l)n, k; 9) 

= E\ e _ n _ x . . . E\_ x ■ F 2 e _ n ...F 2 _ e \h_, -h- - (k + l)n, fc; 0) © 



e ^(6»+n+l) 



Now, unless k + 1 — 2/i_ = 0, the state E\ e _ n _ x \C^ + \n, h-, k; 9)) generates the same module as the 
charged singular vector of which it is a descendant, since 

Fe+n+i Eie-n-i \C (+) (n, /»_, k; 9)) = (k + 1 - 2h.)\C^\n, h.,k; 9)) . 

A similar analysis applies to the charged s£{2) k i singular vectors in 3 > h-,h--(k+i)n,k;0 <8> £*, which 
again evaluate as the s£(2|l) charged singular vectors. Namely, whenever h + = h- — (k + l)n, 
the corresponding s£(2) k i module 3l' h _ 2h _ contains the charged singular vector 

\G{n — 1, -^-j- — n, k'))^, 2 y. When n < 0, it is given by the action of (\Pq ) -n+1 , which evaluates 
as E 2 +n _ l \C^'{n, h~, k; 9)) times a primary state in the <p sector. Unless 2h- = k + 1, this s£(2|l) 
vector generates the same module as the charged singular vector \C^'{n, h-, k; 9)). When n > 1, 
the s£(2)y charged singular vector \C(n — 1, — n, k'))^ 2 y is given by the action of (^q ) n on the 
highest-weight vector and evaluates precisely as |C^~^(n, h-, k; 9)) (times a 0-sector state). 

4.3. Prom s£(2) k © s£(2)y to s£(2|l) fe representations. We now build s£(2\l) k representations 
by combining s£(2) k and s£(2) k > (and the 'auxiliary' s£(2)i) representations. The construction is 
summarised in Theorem |4.5| , while Sec. ^.3.1| - f4~3~2| explain how one arrives at this result. As regards 
the s£(2) k > representations, we build on the result of the previous subsection, where we saw that 
the s£(2\l) k ~» s£(2)k> correspondence produces relaxed Verma modules from the s£(2\l)k Verma 
modules. We can therefore expect that the correspondence acting in the opposite direction should 
start with relaxed Verma modules. This proves to be the case, as we see in what follows. 

4.3.1. Choosing representation spaces: the s£(2)k © s£(2)\ sector. We recall from fl2.6|)-( pTTD that 
the vertex operators C 2 (z) map between s£(2) k modules as 



(4.23) C 2 (z) © C 2 q (z) : V j>k -> V 3 _ hk © «— C((z)) © V j+hk © *FC((s)) . 

This gives rise to a chain of s£(2) k modules Vj + R jk , n G Z, with the spins differing from each other 
by (half-)integers. For the future convenience, we rewrite ( |4.23|) for these modules 

(4.24) C 2 (z) © C 2 Jz) : V j+ n k -> V i+a -i , © s-^CCC*)) © V, +2 ±i * ® z'C((z)) . 



In the auxiliary sector, let 9^ be the Fock space of the auxiliary current df(z) with the highest- 
weight vector such that 

(4.25) (9/) |/i) = v / 2/i|/i). 
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Figure 1. 



We then have the vertex operator action 

(4.26) C?(s) : <F„ - SF^i ® *"C((s)) + ^ ® z^C((z)) . 

The s£(2|l) fermions constructed in terms of the vertex operators would change both n and m 
in Vj+n je ® 9^+221. However, /i is changed by a /ia//-integer simultaneously with the s£(2) k spin j 
changed by a half-integer. This involves only an index-2 sublattice of the ZxZ9(ti,m) lattice in 
Fig. |I] (alternatively, one could choose to work with the other half of the lattice sites). 

Our aim is to combine Eqs. ( f4.24|) and ( |4. 26|) with the action of sl(2) k > vertex operators such that 



the sl{2\\) fermions E l , E 2 , F 1 , and F 2 then act on a space of the form 
(4.27) 0V 5)fe ®i?'(n)®0Vf- 



j+m 



(where R' are some sl(2) k > modules). The very existence of such a space endowed with the repre- 
sentations induced from the vertex operator action is not obvious a priori, because vertex operator 
action in each sector gives rise to the spaces z u C((z)) with non- integral v that are different for 
different terms (recall that p = k + 2 G C \ {0, 1} and j G C in (f4.24|) ); it does not therefore induce 
a representation on a space of the form ( |4. 27|) unless the modules R'(n) are judiciously chosen. 
A crucial point making such a choice possible is the quantum group trace in the construction of 
the s£(2|l) fermions. 



4.3.2. Choosing representation spaces: the s 1(2) y sector. As we saw in Sec. [4.2| from the construction 
that is in a certain sense inverse to the present one, the sE(2)y representations have to include the 
relaxed Verma modules. 



As a hint in properly choosing the relaxed Verma module R'(0) = Oi'j, ^.q, in ( |4.27|) , let us 



assume that the product of an si(2) k highest-weight state, an s£(2) k > relaxed highest-weight state, 
and an st{2) 1 highest-weight state, \j, k) <8> \f, A, A;'; #')S(2)' ® Ia 4 ) e ® ^j',\,k';6' ® ^ s a 
twisted highest-weight state with respect to s£(2\l)k (see ( |B.3| )) tensored with a highest-weight 
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vector in the Fock module A a over the free current A(z) in Eq. ( |2.17| ); we define the highest-weight 
vectors \a) 6 A a such that 

(4.28) A \a) A = y/2(k + Tja\a)A- 

Assuming, thus, that \ j, fc)<E)|j , A, k'; 0')s(2)'® I/- 4 ) = l^-> /!?- +; ^)®l a )^5 we evaluate the eigenvalues 
of the s£(2\l) Cartan generators (and also of A 0} see (2.17)) on this vector. Using ( |2.16| ) and ( |2.17 ), 
we obtain the eigenvalues 

(4.29) + 

(4.30) v / 2(Fn)(j"-T-/i), 

whence /i + = (1 + k)f + k(9 — \i + ^0'). We now compare the dimensions using Eq. ( |2.31| ) that 
we have established for our s£(2\l)k generators. The balance of dimensions of the highest-weight 
vectors reads 



(4.31) 



jQ+l) , /(/+1)+A _ -iff , 
fc+2 ' fc'+2 J u ~ 



(4.11) 



i 2 -(j'(fc+i)) 2 
fe+1 



+ 2( / i-|) J '(fc + i)-fc( / i-f) 2 +(k + i)(j'-e£-n) 



This fixes A equal to A(j,f) given by[] 

(4.32) A(j, f) = -(l+f- (k' + l)j) (f + (A;' + l)j) . 

Generalising this, we now take the modules R'(n) in ( |4.27| ) to be R'(n) = 

(4.33) A n (j, j") = -(1 - (fc' + l)j + j')(j" + (A/ + \)j - n) . 
In accordance with ( |4.1l| ), the Sugawara dimension A' n of \j',A n (j,j'),k') is 

(4.34) A1 _(i-(*'+i);+f)(f -(*'+!);) 



•j'-f,A„0J'),fc 



. .,, with 



3/4 



k' + 2 

fc+2 anCl ^n-l 



3/4 



-n/2-1 _j_ 
fc'+2 fc+2 



and therefore, evaluating A' n+1 - A' n fc/+2 - k , +2 k+2 ^ ^ n _ x ^ n k , +2 
(where is the Sugawara dimension of \\ } k') corresponding to the C /2 (z) vertex operator), we 
find the exponents in the sl(2)y vertex operator action 

(4.35) C' 2 (z) ® (*(*) : Xy-iwM - 

- X' f -^ >An _ l{M , ® ^ + "C((,)) © ^,_^, An+l( ,,, , fe , ® ^-"C((z)) 



x We note that ( 4.32j ) implies 



_ (k+l+h+-h-)(h + +j) 



which reproduces Eq. ( 4.13 ) o btai ned in c onstructing s£(2)k' states from a given s£(2\l)k state and, thus, suggests 
that the constructions in Sees. 4.3 and 4.2 are parts of the direct and the inverse functors. 
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Remarkably, the exponents + | and ^ — ^ appearing here add up to (half-) integers with 



the exponents from (|4.24j ). 



4.3.3. The vertex operator action. The last observation is a crucial point that, irrespective of the 
preceding motivations, allows us to construct the space carrying an s^(2|l) action. 

Theorem 4.5. For every pair (j, j') GCxC, there is an s£(2\l)k representation on the space 
(4-36) IV = Vf ,* ® ^_«, A „ (i , i0 ^ ®©^- fl 

where Vj^ is an s£(2)k module with the highest-weight vector \j, k) , "R 1 -, Ak , is an s£(2)k' representa- 
tion with the relaxed highest-weight vector \j',A,k')^ 2 y, and 3^ is the Fock space of the auxiliary 
current with the highest-weight vector defined in ( |4.25| ). 

Remark 4.6. The range of the n summation in ( f4 . 3 6| ) can be restricted to a subset of Z depending 
on the s£(2)k and s£{2)y modules involved, as we will see in what follows. 



To show ( |4.36| ), it only remains to check that combining ( |4.24| ), ( [4.35| ), and ( |4.26| ), we are left 



with the Laurent spaces z u C((z)) with integer v. Indeed, putting together ( ^.24| ) and fl4.35| ) and 
recalling the trace in fl2.9|), we arrive at 



(4.37) C 2 {z) © C\z) : V j+ n >k © ^,_ f , A „ (i)i0ifc , - 

- V j+ Vjfc © ^_^ jAn _ l0 . ., )ifc , © z-^Cdz)) © V j+ ^ k © ^,_ 2 ± 1>An+l(ij , )ife , © z*C((*)) . 



We next combine this with the auxiliary sector from ( 4.26 ) and, thus, obtain the vertex operator 
action 



(4.38) C 2 (z) © C 2 (z) © Cl(z) : V i+f , fe © , Allto0)fc , © S^f-Hn -> 

V j+ © ^ An _ lU , nk , ® ^ l " 1 C((0)) © V^i jfc © ^,_ 2 i ljAn+i(ij , ))fe , © **C((*))) 

This indeed involves the z u C((z)) spaces with all v being integer mod /i, and therefore, induces 
an s£(2|l) representation on the space neZ Vj + §,fc © ,A n (j,j>),k< ® ©mez^+m-f- Tllis s P ace 
actually depends only on the fractional part of fi, and this dependence is nothing but the overall 
(non- integral) spectral flow; we can therefore set \x = 0, which gives the space Ujj> in Eq. (|4.36|) 
endowed with the structure of an s£(2|l)& representation. (Choosing between integral and half- 
integral /i corresponds to Ramond and Neveu-Schwarz sectors.) 



Remark 4.7. In the auxiliary sector modules in ( 4.36|) , we can replace m — | with m — | for odd n 
and with m for even n; therefore, for odd and even n we have the respective spaces © mgZ 9^+1 = 
! and © mgZ 3>rc = Mq,i that are the spin-| and spin-0 irreducible representations of the s£(2)i 
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algebra introduced in Q3.1Q . Thus, the s£(2\l) representation space can be described as a sum of 
tensor products of three s£{2) representations: 

(4.39) N j>f = V i+f)fc <g> ^/_ S ,A nW o,*' ® M ^,i ' £ ( n ) = n mod 2 . 



1/2 

Replacing with 1 — e(n) gives the Neveu-Schwarz representation space N ■,. 



Remark 4.8. It is obvious from the above that Hjji is in fact a representation of D(2\l; k')^. 
5. Decomposition of representations and character identities 



In this section, we decompose the s£(2\l)k representations constructed as in ( 4.39|) and check the 



decomposition formulas by using character identities. In Sec. |5.1| , we explain the general strategy of 
decomposing the representations and obtaining the corresponding character identities. In Sec |5.2| , 
we calculate the characters of both sides of the decomposition formula for the corresponding (re- 
laxed) Verma modules and show these characters to be identical. In Sec. |5.3| , we outline the steps 
leading from the Verma-module case to the respective irreducible representations. We specialise to 
the admissible representations and, further, to the 'principal admissible' ones. The relevant decom- 
position formula is given in ( |5.24| ). As we do not give a direct proof that the representations on 



the right-hand side are indeed the corresponding irreducible s£(2|l)i_ 1 representations, we invoke 

u 

the character sumrules derived independently. These are given in Sec. |5.4|, where we first have to 



explain how the characters of the twisted representations are identified with the s£(2\l)i_ 1 charac- 

u 

ters known from fTj. As the result, the sumrules in Eqs. ( j5.55Q — (15.57f) are found to be precisely the 
character identities for ([5.24 ) . We conclude the section with a remark on the modular properties of 



the characters involved. 

5.1. Decomposing the s£(2| 1) representation. The s£(2\l)k representation on the space Hjji 
constructed in the previous section is by no means irreducible, since all the s£(2\l) generators 
commute with the current A(z) constructed in fl2.17|) . Thus, Hjji decomposes as ® A 5 (A) ®A a (\), 



where CP(A) are some s£(2\l)k modules and A a are the Fock modules over the free scalar; A labels 
different eigenvalues that A$ has on the highest-weight vector of each A module. 

Evaluating the s£(2|l) highest-weight parameters, we find that the different s£(2| 1) representa- 
tions y(A) are the spectral flow transform of each other, with the highest-weight parameters except 
the twist being the same for all these modules. Taking for definiteness Vj+n^ to be the Verma mod- 
ules (and 3^/_2i A n (j j>) k'-e' ^ ne twisted relaxed Verma modules), we thus arrive at the decomposition 



(5.1) 




X> M e (n) 1 = J > j,(fc+l)j',fc;2^-6»' + 


o <g> Af-g . 




neZ 
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where Aj'-e are Fock modules (see Q4.28| )). A priori, Vj^k+i^'^n-e'+e are some s£(2\l) represen- 
tations with the respective twisted highest-weight vectors \j, (k + l)j', k; 2/i — 9' + 9). That they 
are in fact the corresponding twisted Verma modules is confirmed Sec. |5.2] by showing that the 
characters on both sides of (|5.1| ) are identical.f] 

In calculating the characters, we take the trace Tr(z H o (^ H o q L o g j/V^+i) qh( AA )° ) on the right- 



hand side of the decomposition formula and then use Eqs. ( p,16|) , ( p,17|) , and ( |2.31| ) to rewrite this 



in terms of the s£{2) k © s£{2) k > © s£{2)i Cartan generators and the energy-momentum tensors, 

(5.2) Tr(>o- C < q ^yVm A ° q H^ = Tr (Vo° ^ ( C *+i y ) ^ VT° <fi") 

(with the respective Sugawara energy-momentum tensor for each algebra). The trace on each side of 
the last formula is taken over the space on the complementary side of (|5.1| ). The resulting character 
identities are therefore of the general form 

(5.3) ^ (2 ' lk (?> X A (Q, V) = J2 ^ (2k (9» z ) ^ (2)fe ' ' C fc+1 l/) X sl(2)l (9, C V X ) 

(where ^t 2 ) 1 and x^ 1 are the standard expressions essentially given by the corresponding theta 
function; the 'nontrivial' ingredients are the s£(2| 1) and s£{2) k and s£{2)y characters). 

In what follows, we freely interchange between (g, z, (, y) and (r, a, v, p) related by 

(5.4) q = e 2inT , z = e 2t7Ta , ( = e 2iwu , y = e 2inp , 
where r G C, Im r > =>- \q\ < 1, and a G C, G C, p G C. 



5.2. Verma-module case. Comparing the characters of both sides of (|5.1| ), we have to deal with 
formal objects, since already the relaxed Verma module character involves the nowhere convergent 
series S(z,y) = Xlnezlf)™ 1 the characters of a twisted relaxed Verma module "X^ ^ k i. e i and of 
the s£(2) k Verma module Vj^ are 

//O r'Sug x 



(5.5) ch&rf Ak ,. d ,(u, q) = Tr^ ^ ^ (V'° q L '^ 



3 +J +A . o/.-/ J +J + A „■/ /,/./ 



qT e u 5{uq , 1) — v - y = g~^ e <5(wg- e ,l) y 



rww) 3 * V ^ ' y n.>i(i-? 



A3 



(5.6) charj fc (2, g) = Tr v ._ k (z J ° q 



#1,1 (9, 

with the Jacobi theta- function ( P-9| ). In the auxiliary sector, it is more convenient to return to the 
description as in ( |4.36| ); the character of 9^ is simply 



(5.7) T % (vV5 (OJ)0 qi { 



U9f)o Mdfdf) Q \ _ ^ 



2 Strictly speaking, this requires the assumption that the modules in questions are generated from the respective 
highest- weight vectors. 
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For the character of neZ Vj+%,k ® ^v_n An y ^ fe / <8> mgZ 9^-a +m , we thus have (recall the dimen- 



sion in Eq. QOJ)) 

(5.8) y Tr v (Vo ^ Tr r (V'8 Tr. qU^fh) 



m,n£Z 

g ~ 5(u, 1) q k'+2 ~ J fc+2 ' + y k+2 yi'-f ) 2 v H+m- 



( J + ^)2 +J+ n ^ + f j(n+l) , (fc' + l)^ 



EE 



4 



Shifting the summation variable as n i— ► n + m, we continue this as (with tf^o defined in ( |B.1Q )) 

i>l 

In accordance with (|5.2| ), we now substitute w = ( k+1 y and t> = C~ Then ut> = Cj an d 

therefore, the argument of the first theta function in the numerator becomes z5£~?q~ ,i . In the 
second theta-f unction, we have u~^v^ = u~ l {uv)z = we now use the formal 5-function 

property z8(z, y) = y6(z, y) to replace u with 1. Thus, 



£ Tr k (z J °° q L ^) Tr x ((( k+1 y) J '° q L ^) T % ((C^ (9/) ° ^ /a/) °) = 



z>(»q—^ 5(( k+1 y,l) 



We set /x = for simplicity (this parameter has the meaning of the overall spectral flow transform). 

On the right-hand side of (|5.1| ), we have the character (|B.8| ) of the twisted s£(2|l) Verma module 
7h_,h + ,k;e, and the character of A a is given by 

/ 1 a \ r,A n (k+l)a 2 

(5.10) ^J^frff 



i>l 



and thus the character of the right-hand side of ( |5.1| ) equals 



A ° |(AA)o 



Ej ^(&+i)j'-(fe+i)fl ^ I ^ T -(fe+i)j' 2 +2e(fc+i)j'-(fc+i)e2 /-e (fc+i)(j'_e) 2 ^(gj ^ 2 C 2 ) #i,o(g, z 2 C~ 2 ) 
,_/ c g y g tfi,i(?,*)n(W) 4 

i>l 

r ; g u V) } #w{q,z) n(w) 4 ' 

where we again can use the 5-function to replace yi ^ k+1 ^' with 1. This is identical with the 
character obtained for the left-hand side (with n — 0; a nonzero value of /i, as well as of the twist 9' 
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of the 31' modules, is restored by the overall spectral flow transform). We thus conclude that there 
are the twisted s£(2\l) Verma modules on the right-hand side of (|5.1|) . 



5.3. Prom Verma modules to irreducible representations. To obtain the decomposition for- 
mula of form ( |5.1|) for other (e.g., irreducible) representations, one can start with appropriate Verma 
modules (e.g., those with dominant highest- weights, so as to arrive at the admissible representations 
eventually) and follow the corresponding BGG resolution, with (|5.1| ) applied again to each term in 
the resolution. If the decomposition formula is of a functorial nature (i.e., the appearance of singular 
vectors is 'synchronised' on both sides), one then arrives at a similar formula for the irreducible 
representations. Here, we follow this program only as far as the first step consisting in taking the 
quotients with respect to the charged singular vectors. In the end, we confirm the decomposition 
identities for irreducible representations by verifying the corresponding character identities. 

We see from ( |4 . 1 8| ) and ( |B.11| ) that whenever a charged singular vector occurs in one (and hence in 
all) of the relaxed Verma modules 3^/_n A n (jj') k ' ! n ^ ^' eac ^ °f twisted s£(2| 1) Verma modules 
yj t (k+i)j',k-,9, # G Z, contains a charged singular vector. (Proceeding in the 'inverse' direction, we 



saw the same correspondence in Sec. |4.2| , where we made it even more explicit.) For Weyl modules, 
we then obtain the result stated in the Introduction by taking the appropriate quotients of (|5.1|) . 

In what follows, we discuss the form that the decomposition takes for a class of irreducible 
representations. We find which character identities ('sumrules' of type ( |5.3|) ) must follow from this 
formula, and derive them independently. This is a strong argument in favour of the functorial 
properties of decomposition (|5.1|) . We now explain which identity is to be tested at the level of 
character sumrules. 

We take a rational level k in the positive zone expressed through two positive integers t and u via 
(5.12) k + 2= t -^l. 

We require the relaxed Verma module "X-, A / . k , 'at the origin' in ( |5T| ) to have the charged singular 
vector \C(£,j',k'))g^r 2 y] more precisely, we satisfy Eq. fl4.18| ) by choosing 

(k' + = l + f + £, £eZ. 

For both s£(2)k and s£(2)k', we are interested in the case where the irreducible representations 
are admissible ^7|. We recall here that the quotient of 32.'-/ j^^/V with respect to the submodule 
generated from the charged singular vector \C(£,f, k'))^ 2 y, £ G Z, is a Verma module if £ > or 
a twisted Verma module (with the twist 1) if £ < —1, and the spin of the highest-weight vector of 
the quotient module is 

'l, £>0 



" ]' + £+ (k' + 2)^, where t 



0, £<-l. 
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We now require that the spins of Vj^ and "31'-, a (j j>) fc'A 7 take ^ ne 'admissible' values, 
with 

(5.14) l<r<t-l, l<s<u, l<r'<t-l, \<s'<t-u 
(which obviously requires t > u + 1). 

Conditions ( |5.13| ) give 

(5.15) (r' + s - s' + 0/)t = (r + r')u, 

implying that r + r' is a multiple of t, which means r + r' = t once r and r' are in the 'admissible 
range' given above. We then have r' — u — s + s' — 0£, and therefore (choosing i > 0, so as to have 
the 'untwisted' Verma modules in the quotients of the relaxed Verma modules, after which we can 
set £ = 0), we obtain the representations 

(5.16) V t-u + n+l-s' t-u s-1 t-2u <S> V u -n-l-, u s'-l 2u-t ® 3Yt e(n) -, . 

2 u 2 ' u 2 F^Z - 2~ 'T^7 2 

n 

Here, V and V are Verma modules; their quotients are the respective admissible representations M 
and M' for n such that 

(5.17) -t + s' - s + 1 <n-u + l < s' - s - 1. 

Shifting the summation index, we thus arrive at the following combination of admissible represen- 
tations: 

(5.18) Nf s ?= Mt+n-.' t-u s-1 ,-2»8M-„- „ 3^ — 1 a »-t 0M e( n+n-l) , J^V^/ „ 

n=s'— t 

Remark 5.1. That the representations outside the 'admissible range' decouple can also be un- 
derstood by starting with free-field realisations of s£(2) modules. The corresponding formula of 
type ( |5.1|) then gives some s£(2\l) representations (whose structure depends on the free-field repre- 
sentations chosen for s£(2)k and s£{2)y). Now, admissible representations of either s£(2)j t or s£(2)y 
are singled out from the free-field spaces as the cohomology of an appropriate 'BRST' complex (for 
example, a Felder-like complex ||, but in general other free-field resolutions are needed). The ver- 
tex operators mapping between the individual s£(2)^ and s£(2)y representations then extend to the 
entire complex; this allows one to single out trivial vertex operators (see, e.g., ||) that induce zero 
mapping on the cohomology (as a rule, nontrivial mappings via vertex operator exist if and only if 
the corresponding fusion rule coefficient is nonzero). In the admissible case, the vertex operators 
become trivial as soon as the spin j + | or f — | goes outside the corresponding Kac table (which 
occurs simultaneously for the unprimed and primed modules in ( |5.16| )-( |5.18| )). This allows us to 
consistently restrict to only a finite number (exactly t — 1) of terms on the left-hand side of ( |5.1| ). 
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For each pair (s, s') in the corresponding range, the space N^T 1 decomposes into a direct sum over 
the s£(2\l) spectral flow orbit. The s£(2\l) representations involved carry the labels Lh_,h + ,k-,e = 
L t-u+i-s' t-u S -i t-u+i-s' t-u »+i t_ 9 . , m € Z. One expects these to be the corresponding irreducible 

^ 2 u. 2 ' 2 u 2 >u ' m 

s£(2|l) representations. As we have noted, proving this by studying the BGG resolution is a separate 
problem which we do not address here, however this is confirmed by the character identities derived 
independently. 

Specialising to the integrable (unitary) s£(2)y representations, we take the level k' = to be 
an integer, whence t — u + 1 which implies s' = 1 and k' — u — 1. It follows that the level k is 
fractional of the form 

(5.19) k = --l, 

u 

and therefore, belongs to a subclass of s£(2) 'admissible' levels called 'principal admissible,' which 
are parametrised as 

(5.20) u{k + h v ) = k° + h v , k°ez+, 

where h y = 2 is the dual Coxeter number of s£(2) |27], 30]. In the present instance, we have k° = u—1. 



Note that (|5.19| ) is also principal admissible with respect to s£(2\l), with k° = 0, since fo^m — 1- 



For each s G [1, u], we now have the space 

— s 

(5.21) = ff) Mu + „ 1 a -l 1 1 ® M-n- a M _i M e( n + u-l) ■ 



n=l— 5— w 



n 1 s — 1 1_ ^ u _l <8> M e(n-l) , . 

^-LX 2 u 2 'u 2 1 2 ' 

n=l— s 

We remind the reader that the notation for each module indicates the spin j and the level k. 
When we are dealing with the characters in what follows, it will be useful to label each admissible 
representation of s£(2)±_ 2 with the spin 

u 

(5 22) r_-l_t_s_-l l<r<f-l, 

by r and s in addition to t and u, as M, ttU ,r,s- I n this notation, the integrable representations 
are M^i^i = 3t,r- In fact, we encounter the s£(2)k> integrable representations Mj 1+llr , 1 = J' u+lr /- 
Then (after a convenient redefinition of the summation index) the space N : s nt rewrites as 

u 

(5-23) Nf = M u+1 , u , r , s ® J u+1)U+1 _ r ® J M r— i)+i • 

r=l 

This is the space to be decomposed into s^(2|l)i_ 1 representations. 

u 

In addition to only a finite number of irreducible representations appearing on the left-hand side 
of the decomposition formula as discussed above, another effect occurring for the representations 
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under consideration is the periodicity under the spectral flow on the s£(2|l) side, where the spectral 



flow ( |B.7| ) with 9 = u produces an isomorphic representation. In the analogue of (|5.1D for such 
representations £jh-,h+,k, we split the summation over the twists on the right-hand side by writing 9 = 
ua + P with a G Z and /3 = 0, . . . , u — 1. Since £->h_,h + ,k;ua+p — ^h-,h+,k;pi the decomposition formula 
for N™* takes a remarkable form involving precisely u non-isomorphic s£(2|l) representations: 





u 


u-l 




(5.24) 


,u,r,s ( 


S> y u +l,u+l r ® ?3,e(r-s-l)+l = ^ ^ "- a + 1 , u -»- 1 , 1 << 






r=l 


,3=0 





In what follows, we test this formula by verifying the corresponding character identities. 

5.4. Sumrules for irreducible representation characters. We now study the character sum- 
rules corresponding to Eq. ( |5.24j ). 

5.4.1. Free-scalar and s£(2) characters. In order to write down the character identities correspond- 
ing to (5.24), we first of all note that the sum of the Fock module characters over a on the right-hand 
side gives rise to a level u generalised theta function, namely, 

E r 23-(it-l-s)i2 r 2fl-(u-l-s)i -, 
g u [a s—l] y u[a = Q^^^ (g> y) = 9 20Hu ^ s))U (q, J," 1 ) , 



where we used (|5.10| ) and some standard properties of the generalised theta functions defined by 
(5.26) 9,, K (q, C) = J2 g K(n+ - )2 C K(n+ " ) = C" A,o(Q 2K , CV~ K ) 



(with the Jacobi theta function from (p.lCp ). This accounts for the level- m theta function in 
Eqs. (|53^) -(|5T57D. 

We also recall |27| the character formula corresponding to the admissible s£(2)k module M,t tU ,r,s 
with the level as in ( |5.12| ), namely, 

(K 7 \ ^(2) „\ - 6 b+,ut{ T ^ |) ~ 6 b.,ut{r, |) 

9i,2[t,o-) - 6>- 1>2 (t, a) 

where b± = ±ur — (s — l)t (and, as before, 1 < r < t — 1, 1 < s < «). Under the spectral flow, 
the s£(2) characters transform as follows (see also [IB for the s£(2) spectral flow properties): 



(5-28) X u +i, u , r , s (r,a-Ar) = (-l) A g 4. z *, Xti j/ Ar)S+J (r lff ), 



with Xu+i^u r s+a understood as follows: writing s + A = ua + /3 with a G Z, /? = 0, . . . , u — 1, we have 

S(2) < — > for «G2Z, 

-X tt +i; u , u+ i- r ,( s+ A)„(' r ) ') for «e2Z + i, 
where (x) u denotes the residue mod u. The integrable s^(2) u _i representations are periodic under 
the spectral flow with period 2, while the spectral flow transform by 1 maps the representations 



(5.29) 



st(2) 



r si(2) , x 

/_ _\ _ J A-u+l,tt,r,(5+A)«V' ' °V 
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into one another according to r i— > u + 1 — r; we then have the character transformation formula 



(5-30) X u +i,i,r,i( r ' (T + r ) = 9 4 z 2 X U +ll,«+l-r,l( T ! 



5.4.2. Identification of the s£(2\l) characters and the spectral flow. Turning to the right-hand side 
of (|5.24j) , we next identify which of the s£(2\l)i_ 1 characters known from our previous work on the 

u 

subject correspond to the module £->h-,h + ,k-,i3 with twist (3 and 

/, , n , u-s+1 u-s-1 

(5.31) h. = h + = 

We recall an extensive study of s£(2\l)±_ 1 characters provided in flO], [7|, U; these characters are 

u 

organised according to the eigenvalues that Hq and Hq have on the twist-zero state (see (|B.3|) ) 

(5.32) \H^,H + = H^-^,k) = \H., H - * fc; 0>. 



To see how these are related to (|5.31 ), we observe that the same irreducible module can be generated 
from the twisted highest-weight state 

(5.33) X~(u, H_, k) = E l _ u+1 ...Ej v F±_ u . . . F 2 \H., H. - * fc; 0>, 

J/— 1 

which is singled out by the fact that it satisfies annihilation conditions of type ( p.l3|) , namely 
E\ v ~ 0, E^ ~ 0, Fl fa 0, and -F\ 12 « (in the Verma module, the action of -Ei^ on X~ produces 
the charged singular vector, and hence, E\ V \X~) = in the irreducible representation; in this sense, 
therefore, X~ is a pre-singular vector to ( |B.12j )). We find the eigenvalues 

(,34) mX-)=H.-i, 

H+(X~) = H + + v -\ 
that the Cartan generators have on this state. 

On the other hand, we see from ( J5.31 ) that 



(5.35) h+-h- = -(k + l) = -±. 

The X~ state is then expressed through the twisted highest-weight state as 

(5.36) X- = F%\h„,h„-lk;f3), 
and therefore, 



(5.37) 

H+{X~) = h + + 1 - (I - l)/3 - i = =£l + 1 - (i - 1)/?. 
By comparing ( |5.37| ) and ( |5.34| ), we obtain 



u—s+l 



(5 - 38) H+ = tu-* - — ^ 



M 2m 
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This gives the parameters of the twist-zero highest-weight vectors in the s£(2\l) modules entering 
the decomposition formula. All of these representations are obtained by taking the quotient of the 
Verma modules with two charged singular vectors, one of type ( |B.12|) and the other of type ( p.14 ), 
with the integers labelling these singular vectors being of the opposite signs (obviously, there ex- 
ist other singular vectors that have to be factored over to obtain the irreducible representation). 
According to the values of H_ and H + , the irreducible representation characters in any chosen 
'sector' of the theory (Ramond, Neveu-Schwarz, etc.) at level k = - — 1 are those of class IV 
(\u{u + 1) characters) and of class V (\u{u — 1) characters) |L0|, [7], j8j. Choosing the Ramond sector 
for definiteness, we have that 

IV. The class IV constraints on the highest weight state isospin and hypercharge are given by 

(5.39) 2H_ + (k + l)m = and H+ - #_ = m'{k + 1), 

where 0<m'<m<u — 1 and to, to' G Z + . For the corresponding Verma module, this implies 
the existence of the charged singular vectors \C(~'(—m',H-,k)) and \C^ + '(m — m', k)). 
The corresponding \u{u + 1) irreducible representation characters are given by, 

(5.40) xKfa, *, = *0 r * " ir)3 Zq ~ m) 



$ 1)0 (q u ,Z2(iq- m ')'&i,o(q u ,Z2(-2q m '- m ) 
with 

(WD F-fa.^ Yfm'y'y 

being essentially the Verma module character (|B.8| ) . Note that one of these characters only 
(the vacuum representation w! = m = 0) is regular in the limit where z — > 1. 
V. The class V constraints on the highest weight state isospin and hypercharge are given by, 

(5.42) 2H„-(k + l)(M + M' + 2) = and H + — H_ = —(M' + l)(k + 1), 

where < M + M' <u — 2 and M, M' e Z + . The charged singular vectors in the corresponding 
Verma module are \C^~\M' + 1, k)) and \C^ + \— M — 1, k)); the corresponding |w(n — 
1) irreducible representation characters are 



(5.43) Xm Y m>(^ = q^^z H -t H +F R (q, z, () q ~ 

Note that u — 1 of them are regular in the limit as z — > 1 (they correspond to M + M' = u — 2) . 

As we will see momentarily, a given orbit of the spectral flow ( |B.7| ) involves the x R ' V as we U as 
the x R,IV tyP e characters. 



f r)(q u ) 3 $ 1>1 (q u ,zq M+M '+ 2 ) 
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Lemma 5.2. The character of £j u~ s +i u - s -i i_ 1 . f3 is given by 

(5.44) y j. + i u-g-i i_ 1 . /3 (?, C) = 

xJ3^i-/j(0» 2, C) / or « - 1 < s + P 
Xu-s-i-pAv^'O f° r u-l>s + P 

q-W^z&C^F^q, z, C) ^Z^lllMl^X . 



Indeed, according to ( |5.32|) , the relation between H + and H_ involves a strictly positive integer 



v 



and therefore, one is naturally in a class V context. The labels M and M' are given by (|5.42|) with H± 
from (|08D , 

M = u(F_ + H+) - 1 = -s - 1 - /3 + u 

(5.45) 

M = u(H_ -H + )-l = p. 
These can be translated into class-IV labels in the appropriate range in accordance with the spectral 
flow properties of the class IV and V characters, which we now consider. The spectral flow ( |B.7|) 
acts on the Xmm' characters by shifting the labels as 

(5.46) m i — ► m , m' i— > m' — , 

and for some values of 0, the parameter w! may flow to a value outside the fundamental range 
0<m'<m<u — 1. This gives the class- V characters. Indeed, first note that it is sufficient to 
consider the spectral flow parameter 9 in the range < 9 < u — 1, given the (quasi)-periodicity 
property of the class IV characters, 

Then we have, 

X^(r,a,v + 26T)=q^( e -^x^- e ^°-^) for < m' - 9 < m, 

for m' + 1 < 9 < u — 1 — (m — m'), 
Xm,m' ( r > °"> ^ + 29r ) = Q u C " Xm,m'-0+ u ( T > o", f) for u- (m-m) <9 <u-l. 

On the other hand, the spectral flow transform ( |B.7|) acts on class V characters by shifting the 
representation labels as 

(5.48) M ^ M-9, M' ^ M' + 9, 

and one has, 

RV / \ e 2 (i-u) e(i-u) y 
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for = u - 1 - Af', 

RV fl 2 (i-n) 0(i-u) p> y 

XM,M'( r >^ Z/ + 2 ^ T ) = 9 » C « XM-fl+u,M' + 0-u( T 5 ' T . i/ ) for u-M<0<u-l. 

5.4.3. Sumrules for s£(2\l) characters. A key ingredient in the derivation of the character identities 
is provided by the decomposition formulas of the u 2 characters given above into s£(2) characters at 
the same level k = - — 1 PD| , namely, 

u-l 



( 5 - 49 ) Xm,m'( r > a ' Z/ ) = ^+?«,«-i,m+l( r > CT ) ^V, 



i=0 
u-l 



i=0 



u-2 



( 5 - 5 °) XmX/'( T ' a ' ^ = £ xSL-i.t.-l-M-M^- CT ) FV ( T > ")> 

where 

(5.51) F IV (r,z/) = ^c i ( " x( 1 ^ a) (r)6' (u _ 1)( . m _ 2m / +u ) +uX ( iia ) iU ( u _ 1) (r, 

a=0 

u-2 

(5.52) ^ V (r,^) = ^c i { ^ a) (r)0 (u _ 1)(M ,_ M)+uX(iia)iM(M _ 1) (r,^). 

a=0 

In the above, cf~ {r) are the s£(2) string functions at level u — 1 [2B] and X(z,a) — (u — l)i + 
2i{~ — [f ]) — 2a, where [|] is the integer part of ~. The s£(2) string functions at the level u — 1 were 
first introduced by Kac and Peterson to rewrite s£(2) u _i characters in terms of generalised theta 
functions at level u — 1, namely, 

u-l 

(5-53) Xu+i,i,r,i( T > 1/ ) = c i-~i!i( r )^,«-i(r,z/), 

?ti=— u+2 

with the properties 

(^•54) 4,m( T ) = C £,-m( T ) = C k-e,k-m( T ) = 4,m+2nfc ( T ) 

where n G Z and £ = m mod 2. 

As is clear from ( 5.49Q and ( |5.50|) , each s£(2\l) character is decomposed in exactly u characters 

5(2) 

■1+1, ■ 

i+l; 



Xu+iurs( T i a ) w ith s fixed. More precisely, at a fixed value of s in the range 1 < s < u, the u 
s£(2\l) characters which can be decomposed into the u characters Xu+iurs( r i a ) are 5 



IV. Xs-im' with < m! < s — 1 (s characters), 

V. X^mm' w ith M + M' = u — 1 — s (w — s characters). 

Decomposition formulas ( |5.49| ) and (|5.50|) for the s£(2\l)i_ 1 characters are not only explicitly 
given in terms of characters of the subalgebra s£(2)i_ l , but they also encode some information 
on a dual algebra s£(2) u _ 1 through the s£(2) string functions at the level u — 1. We were able 
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to derive character identities for the values u = 2 and u = 3 by using standard, albeit somewhat 
tedious, manipulations on generalised theta functions. On the basis of these two cases, we were led to 
conjecture identities for arbitrary u G N. One may write 2u sumrules for Ramond s£(2|l) characters 
at the level k = - — 1 corresponding to the decomposition ( |5.24|) for irreducible representations. As 
before, we use (X) u to denote the residue modulo u of A, and [^] to denote the integer part of K 
The 2u sumrules read 

(5.55) Sf(r,p,<r,u) : \A*(T,p,a, u) = B*(t, p, a, u)\ A = 0, . . . , 2u - 1, 



where 

(5.56) A$(t, P ,<t,u) = 

(A) u u— 1 

»=0 i=(A) u +l 

and 



(5.57) Bf{r,p,a,u) 



N 



i=0 

N' 

n i u-y \ 5(2) / x 5(2) / v . x 

+ tfA,ll r > — 27 - PJ X n+l,«,2i+2+(«-3-4i)[^],(A) u +A T ' ^ Xu+l,l,«-(W+l),lV r > « + Ph 
i=0 

with u — 2 < 2iV < u — 1 and it — 3 < 2N' < u — 2. Note that the second sum in ( |5.56| ) is zero 
for (A) u — u — 1 . 

There is complete agreement between the sumrules ( |5.55| ) and the decomposition formula ( |5.24| ). 
The appearance of the level- w theta functions was explained in ( |5.26| ). The theta functions at the 
level k — 1 represent the level-one sl(2) integrable characters, since one has 

(5.58) J—e^r^) = xiflifrv), r = 1,2. 

Strictly speaking, Eq. (|5.24j ) provides the first u sumrules, but the other set is obtained by trans- 
forming each of them under the flow, 

a i— > a — ut, 

(5.59) v i — ^ v ~\~ ut, 

p I — > p — T. 

To make the correspondence between ( |5.55| ) and ( |5.24| ) transparent, it remains to recall Lemma |5T2] . 

We end up this section by observing that the above sumrules behave in a remarkable way under 
two particular flows of the variables a, u, and p. We first note that the class IV and V characters 
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transform as 

{ P XmZ'+i ( r ' a ' v ) for m' < m - 1, 
p Xu-i,o( T i <r, v ) for m = m' = u - 1, 
p xf^-2- m ' (t, ar, v) for m! = m < u - 2, 

( 5 - 61 ) X^m>(t-,v + ut,v + (u-2)t) 

P xS+l,M'-i( r > ^ v ) for < M < m — 3 and 1 < M' < u — 2, 
P Xu-2-m,o( t i for < M < m - 2 and M' = 0, 

where 

(5.62) P = (-l) u+1 q^^z^C 
Remark 5.3. The u terms in (resp. B^) form an orbit under the flow 

U I — ► U -f- UT, 

(5.63) v^v+(u-2)t, 

as can be readily checked with the help of the spectral flow formulas ( |5.60| ), ( p.61| ), and ( [5.281 ). The 



invariance under ( |5.63| ) indicates that each expression (equivalently, B^) potentially describes a 
character corresponding to a representation of the bigger affine Lie superalgebra D(2\l;a). Indeed, 
the spectral flow generator has isospin H = 1/2, hypercharge H + = a u(l) charge proportional 
to — - in the direction orthogonal to s£(2|l) and conformal weight 1. (This follows by comparing the 
quantum numbers of the vacuum representation of s£(2\l) © u(l) with those of the representation 
with character 02u-2,«(t, f )Xo u-2i T i °i u )i which are in the same spectral flow orbit and appear in 
the A = u sumrule). If one extends the algebra s£(2|l) © u(l) by this spectral flow generator, one 
generates D(2\l;a), as can be most quickly understood by looking at the D(2|l;a) root diagram 
in Appendix y. Indeed, consider for example the first embedding of s£(2|l) in D(2\l; a) in Table 
the spectral flow generator can be identified with the current corresponding to the root a\ + a.^, 
which is needed in order to extend the s£(2|l) root diagram to D(2\l;a). 

We next note that for a G Z chosen in such a way that < m + A — ua < u — 1, we have 

(5.64) Xm™ ( r ' ° ~ Xr ' u + Ar ) 

"!) z 2 - C 2 " Xm'-m-X+ua-lM-l-m'facT,*) for 771 > m + A — UO> . 
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For class V characters, with «eZ chosen such that < it — 2 — M — M' + A — ua <u — l, similarly, 

(5.65) Xm^'( t ' ° ~ Ar > v + Ar ) 
[-l) X+a Z-^C-^xlZ X + ua,M^ °>") for M — A + wa > , 

- 1 ) z ~(~^^X u ^ ( M-\+ua)-M>,u-i-Mi( T ' ^ v ) for M-\ + ua< 0. 

Remark 5.4. The X' th sumrule may be obtained from the X th sumrule by the transformation 

cri — > (j — (A' — A)t, 

(5.66) v i-> v + (A' - A)r, 

P-p-(A'-A)*- 

In particular, because of the quasi-periodicity of the level-w theta functions and because s£(2\l) i_ 1 

u 

characters are periodic under the simultaneous shifts a i— > a — ut and v i— > + itr, one has the 
quasi-periodicity properties 

A*(r, p - 2r, a - 2«r, v + 2«r) = gT V^V^a (t, P, a, i/), 

( 5 67) 

B*(r, p - 2r, a - 2ur, v + 2«r) = (TV^C 1- ^* p, a, v), 



and the set of 2u sumrules ( |5.55|) is closed under the above spectral flow. Moreover, this set carries 



a unitary representation of the modular group, as can be explicitly checked by using the modular 
transformations of s£(2) characters at integrable and fractional levels. A complete treatment of 
the modular properties must include the Neveu-Schwarz, the 'super' Ramond and 'super' Neveu- 
Schwarz sectors, which may be obtained as follows The Neveu-Schwarz sumrules are derived 
by flowing the Ramond sector sumrules according to, 

(5.68) Sf(r, p, -a - r, u) = S \r, p, a, u), 
while the 'super' Ramond and Neveu-Schwarz sectors are given by, 

(5.69) S^ NS (t, p,<r + l,u) = S^' ns (t, p, a, v). 

It should be noted that the group of modular transformations and the group of spectral flow transfor- 
mations on characters are combined into an 'extended modular group' via the semi-direct product, 
in which the spectral flow transformations are the invariant subgroup; thus, the 'extended modu- 
lar group' representation can be induced from the spectral flow representation, and these are the 
transformations that close on the chosen set of s£(2\l)i_ 1 representations. The relevance of these 
facts to the representation theory of D(2\l;a) are beyond the present scope and are left aside for 
future work. 

6. Conclusions 



We have seen that a vertex operator extension of two s£(2) algebras at levels k and k' satisfying 
the duality relation (k + l)(k' + 1) = 1 yields an interesting structure, the exceptional affine Lie 
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superalgebra D(2|l;ot). This novel construction should provide the setting needed to build some 
classes of D(2|l; a) representations whose characters are given by either side of the sumrules (|5.55|) . 



In this paper however, we made use of the above vertex operator extension to construct repre- 
sentations of the s£(2\l) subalgebra of D(2\l;a), and saw that they give sums of representations 
'twisted' by the s£(2\l) spectral flow ( |5.1| ). We also derived the corresponding character identities 
relating s£(2\l) characters to the constituent s£(2) k and s£(2) k / characters, both for Verma modules 
(Sec. |5.2| ) and irreducible representations (Eq. ( p.55| )). The latter identities involve s£(2\l) represen- 
tations at admissible (non integrable) level k — - — 1, u E.N and relate them to representations of 
s£{2)i_ l and s£(2) u _i. Interestingly enough, the admissible s£(2\l)i_ l representations are related 
to the admissible s£(2)i_ l representations, whose characters are periodic under the spectral flow 
with period 2u, and to the integrable s£{2) u ^i representations, which are themselves periodic under 
the spectral flow with period 2 | 16| . The interplay of admissible and integrable representations 



within a bigger algebraic structure is quite remarkable and should be further exploited in the way 
any duality is: in this context for instance, it should relate the representation theory of D(2\l; a) 
at integer and fractional levels. We hope to return to these issues elsewhere. 

Another important point raised by the relation between representations and by the corresponding 
character identities is that of the closure under modular transformations. The s£(2\l) characters 
appearing in these identities do carry a unitary representation of the modular group , and using 
this information, one can explicitly check that the 2u functions ^4(A), A = 0, ...2m — 1 on the 
left-hand side of the sumrules ( |5.55| ) also carry a unitary representation of the modular group. It 
is therefore tempting to identify these functions with the characters corresponding to a particular 
class of D(2\l]a) representations satisfying the requirements for s£(2|l) © u(l) to be conformally 
embedded in D(2\l;a), as discussed in Sec. [3[ 

A very interesting general problem is to verify the functorial properties of the correspondence 
established between the s£(2) k © s£(2) k i and s£(2\l) k representations; in the simpler case of the 
relation between s£(2) and N = 2 superconformal representations |17| , a similar relation is the 



equivalence of categories modulo the spectral flow (i.e., the equivalence of representation theories 
of two algebras obtained by extending the universal enveloping of s£(2) and N = 2, respectively, by 
the spectral flow operator). We have seen that in the present case, the spectral flow plays a very 
similar role, and thus an interesting problem is whether we again can construct a similar functor; 
the two cases are actually related by the Hamiltonian reduction functor 

?£{2) k ®7i{2) k , ' ^(2|l) fc 

jilionian Reduction 



~ mod spectral flow 

sl{2) k ,„ x ( N 
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which may be extended to an argument demonstrating the functorial properties of the correspon- 



dence found in this paper. We note that the character identity corresponding to ( |1.2|) turns out 



to be equivalent to the character identity derived from the correspondence between the s£(2) and 



N = 2 Verma modules [|16|]; this identity has also been known in a different representation-theory 



context 28 



As another future research direction, we note the possibility to use various free-field (and other) 
realisations of s£(2\l) [35|, |9| in the construction of Sees. |4~T|--|4.2|; it would be interesting, for example, 



to relate the corresponding screening operators and interpret this relation in terms of the respective 
quantum groups. 

Finally, it is worth exploring the geometric interpretation of the construction for s^(2|l) found 
in this paper. Despite the complication generated by the presence of the odd integer n = 1 on 
the right-hand side of ( |1.3| ), we expect to be able to proceed similarly to the n = case, relevant 
to the coupling of matter to gravity, where no auxiliary scalar is needed and the basic geometric 
setting involves the loop group SX(2,C) = {£ : S 1 — ► SX(2,C)}. In that case, the analogue 
of s£(2\l) is an extended algebra consisting of the semi-direct product of two commuting s£(2) 
algebras (corresponding to the left and the right actions on the loop group) with levels ki and k 2 
constrained by Eq. (|1.3| ) with n = 0, and the contracted vertex operators C 2 (z) ® C 2 (z), which are 
functions on the group and can be viewed as matrix elements of the evaluation representation (in 
contrast with the s£(2|l) case, C 2 (z) (g) C 2 (z) do commute). The constraint on k\ and k 2 actually 
follows from imposing the Knizhnik-Zamolodchikov equation on the C 2 (z) ®C 2 (z) vertex operators. 
The vacuum representation of the extended algebra can be described in terms of distributions 
on G + - the subgroup of the loop group consisting of mappings that extend to the origin from 
S 1 = {z G C : \z\ = 1} - and is given by a sum of Weyl modules of the two s£(2) algebras. A 
different piece of this picture is provided by distributions on the double quotient G-\SL(2, C)/G + 
where G- is the subgroup of SL(2, C) consisting of loops i which are the boundary values of 
holomorphic maps £ : {z G C U oo : \z\ > 1 — > SL(2, C)} P^fl . The equivalence classes X(n) are 
labelled by a positive integer n G Z + . The distributions living on a given X(n) carry the left and the 
right s£(2) actions; this time, however, the Weyl modules are combined differently since "WV <8> W m 
enters as many times as there are n-dimensional s£(2) representations in the tensor product of the l- 
and m-dimensional ones. It is interesting to investigate how much of this description can be carried 
over to the 'noncommutative' case of the s£(2\l) algebra constructed in this paper. 
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Appendix A. Some s£(2) quantum group relations 



In describing the s£{2) q quantum group, we follow the conventions of |p9fl . The quantum group 
relations are 

KK- 1 = K~ 1 K = 1, 
( Al ) K EK~ X = q 2 E , KFK~ 1 = q- 2 F, 

q-q 1 

The antipode acts on these generators as follows: 

(A.2) S{E) = -EK~ 1 , S{F) = -KF, S(K) = K~\ S(K~ l ) = K , 
and the comultiplication is given by 

(A.3) A(E) = 1®E + E® K, A(F) = K~ x ® F + F ® 1 , 

(A.4) A(K) = K(g)K, AiR- 1 ) = K- 1 ® K- 1 . 

Together with the counit e given by e(E) = e(F) = 0, e(K) = = 1, these relations endow 

s£(2) q with a Hopf algebra structure. 

For a module V over a Hopf algebra A, the A action on the dual module V* is defined by 

(A.5) (af)(v) = f(S(a)v), aeA, / G V* , veV. 

Let V en be the s£{2) q module with the highest-weight vector v such that 
(A.6) £^o = 0, Kv = eq n v , 

where e 2 = 1 and n is a positive integer. We then define 
(A. 7) Fv i - 1 = [i]v i , 

whence 

(A.8) Ev i = e[n-i + l]v i ^ li K v { = e q n ~ 2i v { . 

We use the standard notation 

q % — q~ % 



(A.9) [i 

q-q- 

There is an invariant scalar product 



n 



\i ! \n — i\ 



[1] [2] . . . \i] . 



(A.10) 



( Vi ,Vj) = 5 i:j q 



-i(n— i— 1) 
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In the V e ri modules with n = 1, in particular, the s£(2) q action on the basis vectors Vq and V\ is 
given by 

(A.ll) Ev = 0, Kv = eqv , Fv = vx, 

(A.12) Ev 1 = ev , Kv 1 = eq~ 1 v 1 , F Vl = . 

In the dual module with the dual basis v l , we then find from ( |A.5|) and (|A.2| ): 



(A.13) Ev°= -qv l , Kv° = eq- l v°, F v° = , 

(A.14) Ev 1 = 0, Kv 1 = eqv 1 ) Fv 1 =-eq~ 1 v°. 

Let V^, 1 be a similar module over s£(2) q -i, with the basis v' and i^. As is easy to check, it is 
also a module over s£(2) q , the s£{2) q action being given by 

(A.15) Ev' = v[, Kv' = eq~ l v' , Fv' = 0, 

(A.16) Ev[ = 0, Kv[ = e'qv' 1 , Fv[ = e'v' . 

The tensor product of s£{2) q modules V' e , x Cg> V el is decomposed as 

(A. 17) V^sV^V^oeV^, 

where V ee / 2 is generated from t>^ ®t> , and V ee / )0 from ®t> — qv[®Vi. The projection V^, x ® V e l — > 
V ee / can be defined in terms of the trace (-, •) such that 

(A.18) K,t>o> = 1, K,«i) = -9, (^,«i) = 0, K,u ) = 0. 

The vertex operator construction involves this trace operation in the case where e = 1 and e' = 
— 1: from the quantum group representation standpoint, each s£(2\l) k (or D(2\l;a)k) fermion is 
constructed as 

(A. 19) -qv[ ® vi + v' ® v = qv[ ® Fv - e'F v[ ® v . 

With the basis of the quantum group module represented by the vertex operators as in Sec. |^, 
we identify qF in the first term with the screening operator S acting in the unprimed sector, and 
—e'F in the second terms with S' acting in the primed sector; we then denote the action of S or S' 
on the respective vertex operator with a tilde. This gives fl2.12|) - (|2.13 ), where we omit the tensor 



product sign and write the primed and the unprimed multipliers in the reversed order compared to 
the formula with the tensor-product notation; we hope that this minor notational discrepancy does 
not lead to confusion. 

Appendix B. s£(2\1) algebra, spectral flow, and charged singular vectors 

The affine Lie superalgebra s£(2|l) consists of four bosonic currents E 12 , H~ , F 12 , and H + and 
four fermionic ones, E 1 , E 2 , F 1 , and F 2 . The s£(2) subalgebra is generated by E 12 , H~, and 
F 12 , and it commutes with the u(l) subalgebra generated by H + . For reference, we give in Fig. [| 
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Figure 2. The s£(2\l) root diagram. 
the two-dimensional root diagram of the finite dimensional Lie superalgebra s£(2\l), represented in 
Minkowski space with the fermionic roots along the light cone directions. We sometimes refer to 
the eigenvalue corresponding to a given eigenstate of the Cartan generator Hq (resp. Hq) as the 
isospin (resp. the hypercharge) of that state. At level k, the nonvanishing commutation relations 
are given by 



fB.r 



[H m i E n ] 


rpl2 

^m+n i 


[ H m, F l 2 ] 


- _Pl2 

m+n ) 




= m5 m+nfi k + 2H m+n , [H±,H±] 


— -F^mfim+nfik , 


[E^ 2 ,El] 


- F 1 

m+n ' 


[ E miF 2 ] 


— F 1 

m+n ' 


[F^, El] 


= —F 2 

m+n ' 


[ E m,F^} 


= E 2 

m+n ' 


[ H m > El n ] 


1 F 1 

2 m+n ' 


[H m , F% 


2 m+n ' 


[H m ,E 2 n ] 


+ 2 m+n 5 


\F[ m i F n \ 


= ±±F 2 

2 m+n ) 


[E m , F^] + 


= —m5 m+n fik + Hm-\ 


TT 

-n n m+n i 




l E m ,F 2 } + 


= mdjn+nfik + H^ l+n 


1 tt— 

' n m+n 1 




[E m ,E 2 ] + 


77112 

11 'm+n 1 


[F m ,F 2 } + 


- P12 

m+n ' 



One of the s£(2\l) k spectral flows is given by 



(B.2) 



El 



El 



E 2 



F^ i-> F 2 



-^n+e > 

-^n-0 > 



(with the s£(2) subalgebra remaining invariant). For 9 e Z, this is an automorphism of s£(2|l). 
Applying the spectral flow to modules gives twisted modules. A twisted module with a vacuum 
vector is, thus, generated from the state \h-, h + , k; 6) (which we call the twisted highest- weight 
vector) satisfying the twisted highest-weight conditions 



(B.3) 



El e \h-,h+,k;0) = E 2 e \h., h+, k; 6) = F} 2 \h-,h+,k;6) = 0, 



and whose quantum numbers of hypercharge and isospin are given by, 

(B.4) H+\h-,h + ,k;6) = (h+ - k6)\h„,h + ,k;6) , Ho\h-,h+,k;9) = h-\h_,h+,k;6) , 

where /c is the level and 9 is the twist. The eigenvalue of Hq is parametrised as h + — k9 so as to 
have the same value of h + for all the modules differing from each other by a spectral flow transform. 
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We assume 6 G Z in most of our formulas, with the necessary modifications for 6 G Z + | to be 
done in accordance with the spectral flow transform. The dimension of \h_,h + ,k;6) with respect 
to the Sugawara energy-momentum tensor 

(B.5) T Sug = ^ if" - /f + ii + + E 12 F 12 + E 1 F 1 - E 2 F 2 ) 

is given by 

h 2 - h 2 

(B.6) A h _, ft+ , fe . fl = + 20h+ - fc0 2 . 

The character of a twisted module is expressed through the 'untwisted' character x^- as 

(B.7) xS(Q,z,0 = C k6 q- k62 X n (q,z,Cq 2e ). 

The twisted Verma module < Ph-,h+,k;0 is freely generated from \h_, h + , k\ 6) by E<_ g _ 1 , E< g _ 1 , 
F< g , F 2 _ d) E?_ 

ij F<sn H<_ v and #<_!• For an integral 9, the character of 7 h _ )h+ik .g is 
(B.8) Tr (z H o C< g 4 us ) = z h- C h + -( k+ i)e q !^f + 2e h+ -(^ ^ofa^C^ofa^C^) 



^i(?^)n m >i(l-9 m ) 3 
where the Jacobi theta functions are defined by 

(B.9) $i,\{q,z)= ^(-l) m q^ m2 - m ) z - m = JJ(l-z~ 1 g m ) - zq m ) JJ(l-g m ), 

m£Z m>0 m>l m>l 

(b.io) z) = j2 q ^ m2 - m) z- m = n (i + n (i + n a - o • 

mSZ m>0 m>l m>l 

Among singular vectors that can exist in 'J ) h_ t h + ,k;e, we note the so-called charged singular vectors. 
They occur whenever 

(B.ll) h+ = ±h- - (k + l)n , nGZ 

and are given by an explicit construction as follows [34]. For h + — h- = —(k + l)n, n G Z, the 
charged singular vector in the twisted Verma module 7h_,h+,k;9 reads 

( E 2 +n . . . E 2 e _ i: F l e+n . . . F}\h-, h_ - n(k + 1), k;9), n<0. 

(B.12) \C { -\n,h-,k;6)) 



— 

— n 



E l _ d _ n . . . £Vi ■ Ff-e-n ■ ■ ■ F -e l^-> h- — n(k + 1), A;; 9), n>l 



As is easy to check, this vector satisfies the highest-weight conditions (we omit the singular vector 
itself) 

(B.13) #Vn«0 E 2 +n ^0 F?*0 

together with Fg +n ~ 0. 
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Similarly, whenever h + + h_ = —n(k + 1), n G Z, the charged singular vector in ^h-^+^e is 

E 2 e+n . . . E 2 ^ ■ Fl +n+l . . .Fq \h-, -h- - n(k + 1), k; 6), n < -1, 



(B.14) \C i+ \n,h„,k;9)) 



E l _ e _ n . . . El e _ x ■ Fl e _ n ...F 2 _ 6 \h_, -h- - n(k + 1), k; 6), n>0. 



n n+1 

This satisfies the highest-weight conditions ( p,13|) supplemented by F 2 d _ n w 0. It is straightforward 
to check that the highest-weight conditions satisfied by \C^'(n,h-,k;9)) imply that this vector 
generates a submodule in the respective 7h_,h + ,k;e module. 

Appendix C. D(2|l;a) 

The one-parameter family of exceptional Lie superalgebras D(2\l; a), with a G C \ {0, —1, oo} 
are basic type II classical simple complex Lie superalgebras in the Kac classification |TTJ. At 
each fixed value of a, D(2\l; a) is a rank 3 superalgebra with six even roots and eight odd roots. Its 
dual Coxeter number h y is zero and its super dimension, which is the number of bosonic generators 
minus the number of fermionic generators, is sdim = 9 — 8 = 1. The central charge of the Virasoro 
algebra satisfied by the Sugawara energy-momentum tensor of the affine algebra is therefore 1 for 
any value of the level k since, 

(C.l) o=^ = l. 

v ' k -\- h 

The bosonic part of D(2\l; a) is s£(2) © s£(2) © s£(2), and the action of D(2\l; a)o on D(2\l; a) T 
is the product of 2-dimensional representations. The root diagram (see Fig. can be visualised in 
a parallelipiped in 3d space with metric = diag(— 1, —1, 1). All odd roots are at the vertices of 
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the parallelipiped on the light cone. Six even roots lie on the three lines through the centre of the 
faces. The Weyl group does not act transitively on the set of simple roots, and there are six choices 
of simple root systems. 

We describe in more detail the system of simple roots with one odd root, ai, and two even roots, 
a 2 and a 3 . The three regular s£(2) subalgebras are in the directions of a 2 , a 3 and ag = 2ai + a 2 + a 3 . 
The relevant scalar products are summarised as 

(C.2) al = 0, a 2 2 = -2 7 , a 2 = -2(1 - 7) , a 2 d = 2 , 

(C.3) ai-a 2 = 7, a± • a 3 — 1 — 7 , a 2 ■ a 3 = , 

(C.4) 0:3 • ag = , a 2 ■ ag = , a± • a$ — 1, 

where 

(C5) ^=7T-' 7 eC\ {0,l,oo}. 

1 + a 

With the metric above, we have 

(C.6) ai = -^(-^7, -713^,1), a 2 = (v^,0,0), a 3 = (0, ^2(1 - 7), 0). 

The mapping ^ : 7 1— > 1 — 7 interchanges the roles of a 2 and a 3 , while the mapping t 2 : 7 1— > 7' 1 
interchanges those of a 2 and a^. These two transformations generate an order-6 group defined by 
the relations t\ = t\ = 1, t\t 2 t\ = t 2 t\t 2 , and one has the isomorphisms 

(C.7) £>(2|1; ~ D(2|l; ^) ~ £>(2|1; ^) ~ £>(2|1; -±) ~ D(2\l; 7 - 1) ~ D(2|l; -7). 

If one restricts the parameter 7 to real values, it is sufficient to consider the domain 7 e [1/2, 1[ for 
which a e is always the longest root. 

As far as the affine superalgebra is concerned, the isomorphisms are, 
(C.8) D(2\l; ~ D{2\1- ±^) fc ~ 5(2|1; ^)_, 

~ 5(2|1; 7 - ~ D(2|l; ^ 5(2|1; - 7 )__L- 

7 ' 1 — 7 1 — 7 



Appendix D. s£(2|1) OPE's 



We use a number of standard integrals, assuming whenever necessary that they are analytically 
continued from the domain where they are well-defined. For Rez > Rew, we have 

(D.l) f dx (z - x)« (x - wf = (z- wY +b+1 Ti ^ 1 f^ 1) 

Jw r(a + 13 + 2) 

and also 

(D.2) ^ dx (x - z y (x - wf = (z- wY + ? +1 T{a + ^z^y a ~ P) = 
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_r z _ .„)c+(>+i sin7r l r(g + i)r(/? + i) 

1 ' sin7r(a + /5) T(a + (3 + 2) ' 
In evaluating the operator product E 1 {z) ■ E 2 (w), we have the following operators in (|2.30| ): 



V\ = e^p^, V2 = e^p^, V/ = e^p 7 ^ , and V^' = 7' . Using the above integrals, we obtain 

(D.3) / du S{u) Vx(z) V 2 (w) / dx S'(x) V{{z) V 2 \w) = 



sm^ , , 2 r(i - i)r(i - i) a 2 r(i)r(2 



(3(w) — — j-(z — w) 2 p p j- ■ (z — w) 1 ^ p 



11 t r (2-p v ' r(2-y 

, v la/ v 7rp' 
- (z-w) ifiM—z^ 



sm — 

v 



plus lower-order terms. This is to be multiplied with the operator product e~^^ w ^ = 

(z — w)~^ + . . . , which restores the first-order pole. We now recall the normalisation factors 
T) • ^7 cos - from ( p. 12 ) and the factor — 2i sin ^ from Q2.3C ). This gives the operator product 

-P(w) E 12 {w) 



z — w z — w 



which is in agreement with (B.l). The remaining terms in ( 2.3U| ) cancel each other. 

1 1 1 

Evaluating the operator product E l (z) ■ E 1 (w), we have V\ = e^, V2 = 7e75*', V{ = ev^ 
1 / 

and V^' = 7' e v 7 ^ . Then 
diiS(tt)14(^2(«)) = 

/■oo 

= («-u;)3F / du{-^ + Jl dcp(w) + Pj(w) - dip{w) ^ + ...)(u- z)~p (u-w)~p 

J z 

(where the dots denote higher-order terms). This equals 

(D.4) ={z- w)^-l — p j-j- p - (p-2 + {z-w) (^fldy{w) + (3j(w) 

\ p ) 

Next, the primed sector integral du S'(u) V{(z)V2(w) is obtained from the last expression by 
simply replacing p 1— > p', if 1— > if', (5 1— > (5' , and 7 ^ 7'. Multiplying the primed and the unprimed 
contributions, we thus obtain 

roc 

du S{u) Vi{z) V 2 (w) / dx S'(x) V[{z) V 2 \w) = 



h r(i - *)r(-i + f) / g - 2 y/f g^H + /? 7 H . x 
( } rg) z~^ ' x 
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x r(i-i) V(^-^) 2+ 

,i vr /V(p-2) Jt^bp + M-P^fy + FD 

= (Z- W)i 5- 7-^- H 

Silly — WJ 2 — W 

This is further multiplied with e^ 5 ^ e~vl^^ = (z — + 775(2 — w)df + ...); in addition, 

we recall the normalisations (—1) • -^1 cos ^ in ( |2.12| ) and the factor — 2zsin^ from the first term 
in ( |2.30| ). Thus, the first term in ( |2.30| ) gives the contribution 



\z — w) 2 z — w 



-k H+ - H 

+ 



(z — w) 2 z — w 

The remaining terms in ( |2.30|) cancel each other and, therefore, the operator product E x (z) F l {w) 
given by the last formula is in agreement with the respective commutator in flB.l|) . 

We will need the first regular term in the above expansion when we calculate the s£(2|l) energy- 
momentum tensor in Lemma |2.2|, namely, 



(D.5) - p'E 1 F 1 = j-fadf - -fepjdf ~ VI + V|/3 7 V - \I**=^WW 

- -dh>PT*P + + lg%^ + - JfafW 

+ |(2 - Zp)d<f/d<f/ + p ^r\[id 2 ^' + p ^dydf - l^dtp'df + i(p- 2)dfdf + X 

where X is a contribution that cancels against similar terms coming from E 2 F 2 . 

As regards E 2 (z)-F 2 (w), we again use ( |2.30| ), where now V\ = e^p v } V<i = 7 e^p v } V{ = 7' e^p rV , 
and V 2 ' = ev^ 7 . We already know from ( |D.4| ) the unprimed integral J 00 duS{u) V\(z) V^w); the 
primed sector contributes is evaluated similarly. We only quote the first regular term 

(D.6) - p'E 2 F 2 = -ppdi - p'd^ + y^/W - fipidip + ^df + ^'l'df 

~ v^fV^ - /¥W + ^d 2 f - ty/z&tp - lyfi&tf - p T (p - 2)dfdf 

+ p ^Vpd V df + l^dip'df - 3§E%^ + + J(2 - p) d<p'd<p' + X , 

where X is a contribution that cancels between E 1 F l and i? 2 F 2 . 

The operator product F 1 (z) ■ F 2 (w) is evaluated similarly; we have V\ = 7 e^p^ , V2 = 76^, 
V/ = 7' e v 7 ^ 7 , and V^' = e v^V . One then multiplies the contributions of the primed and unprimed 
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sectors, given by 

IY— — )r(— " 

duS\u)Vl{z)Vl{w) = -{z-w)W-7 P ' J V ' 



r(£) 



and 

'OO 

duS(u)V 1 (z)V 2 (w) 



du ( (3<y 2 - - -^-) (l - ,ft(u - w) d(p + 4= (z - w) dtp) (u - z)~p (u - w)~» 

V u — w u — z J \ V p v z p J 



(z - w)^~l +1 — ^-j- p - (/3 7 2 + y/2pjd(p + (p - 2)07) 



7' 

where we see the J~ current from (|2.22). 
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